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INTRODUCTION 


Two major difficulties present themselves when a book of 
this kind is planned. 

In the first place those who use it may desire to apply it 
in a variety of ways and will be concerned with widely 
different problems to which Trigonometry supplies the 
solution. 

In the second instance the ἐγώ i mathematical training 
of its readers will vary considerably. 

To the first of these difficulties there can be but one 
solution, The book can do no more than include those 
parts which are fundamental and common to the needs of 
all who require Trigonometry to solve their problems. To 
attempt to deal with the technical applications of the 
re τον in so many different directions would be impossible 
within the limits of a small volume. Moreover, students of 
all kinds would find the book overloaded by the inclusion 
of matter which, while useful to some, would be unwanted 
by others. 

Where it has been possible and desirable, the bearing of 
certain sections of the subject upon technical problems has 
been indicated, but, in general, the book aims at equipping 
the student so that he will be in a position to apply to his 
own special problems the principles, rules and formulae 
which form the necessary basis for practical applications. 

The second difficulty has been to decide what preliminary 
mathematics should be included in the volume so that it may 
be intelligible to those students whose previous mathe- 
matical equipment is slight. The general aim of the 
volumes in the series is that, as far as possible, they shall be 
self-contained. But in this volume it is obviously nec 
to assume some previous mathematical training. The study 
of Trigonometry cannot be begun without a knowledge of 
Arithmetic, a certain amount of Algebra, and some 
Bi eh eo with the fundamentals of Geometry. 

_ 4t may safely be assumed that all who use this book will 

have a sufficient knowledge of Arithmetic. In Algebra the 

Student is expected to have studied at least as much as is 

contained in the volume in this series called Teach Yourself 

Mathematics. That work does not include a‘treatment of 
> 
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“ Factors ’, but these are not required until Chapter VII. 
Nor does it touch on quadratic equations; these do not 
appear however until Chapter XI. 

A knowledge of logarithms is, however, indispensable, 
and there can be no progress in the application of Trigo- 
nometry without them. Accordingly Chapter II is devoted 
to a fairly full treatment of them, and unless the student 
has studied them previously he should not proceed with the 
rest of the book until he has mastered this chapter and 
worked as many of the exercises as possible. | 

No explanation of graphs has n attempted in this 
volume. In these days, however, when graphical illus- 
trations enter so generally into our daily life, there can be 
few who are without some knowledge of them, even if no 
study has been made of the underlying mathematical 
—. But, although graphs of trigonometrical 
functions are included, they are not essential in general to 
a working knowledge of the subject. If the student desires 
a better understanding of them, he will find a simple 
treatment, specially written for the private student, in 
Vol. I of National Certificate Mathematics, published by the 
English Universities Press. 

A certain amount of geometrical knowledge is necessary 
as a foundation for the study of Trigonometry, and possibly 
many who use this book will have no previous acquaintance 
with ‘‘ Geometry ”’. For them Chapter I has been included. 
This chapter is in no sense a course of geometry, or of 
geometrical reasoning, but merely a brief descriptive 
account of geometrical terms and of certain fundamental 
geometrical theorems which will make the succeeding 
chapters more easily understood. It is not suggested that 
a great deal of time should be spent on this part of the 
book, and no exercises areincluded. Itis desirable, however, 
that the student should make himself well a expat with 
the subject-matter of it, so that he is thoroughly conversant 
with the meaning of the terms emplo and acquires 
something of a working knowledge of the geometrical 
“ theorems ”’ which are stated. Ὶ ἶ 

The real study of Trigonometry begins with Chapter ITI, 
and from that point until the end of Chapter [X there is 
very little that can be omitted by any student, Perhaps the 
only exception is the “‘ Product formulae ᾿ in §§ 86-809, 
This section is necessary, however, for the proof of the 
important formula of ὁ οὗ, but a student who is pressed for 
time and finds this part of the work troublesome, may be 
content to assume the truth of it when studying § 98. In 
Chapter IX the student reaches what may be considered 
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the goal of elementary trigonometry, the “ solution of the 
triangle’ and its many applications, and there many will 
be content to stop. 

Chapters X, xt and XII are not essential for all practical 
applications of the subject, but some students, such as 
electrical engineers and, of course, all who intend to proceed 
to more advanced work, canoot afford toomitthem. Itmay 
be noted that previous to Chapter IX only angles which are 
not greater than 180° have been considered, and these have 
been taken in two stages in Chapters III and V, so that the 
approach may be easier, Chapter AI continues the work of 
these two chapters and generalizes with a treatment of 
ee of any magnitude. 

e Exercises throughout have been carefully graded and 


_ selected in such a way as to provide the necessary amount of 


manipulation. Most of them are straightforward and 
purposeful; examples of academic interest or requiring 
special skill in manipulation have, generally speaking, 
been excluded. 

Trigonometry employs a comparatively large number of 
formulae. The more important of these have been collected 
and printed on pp. 174, 175 in a convenient form for easy 
reference, | 

The author desires to acknowledge his indebtedness to 
Mr. C, E. Kerridge, B.Sc., for permission to include in this 
book the greater part of Chapter II and a number of 
examples and illustrations from Vol. I of National Certificate 
Mathematics mentioned above; also to Mr. H. Marshall, 
B.Sc., for the inclusion of some examples from Vol. II of the 
same work. He is further grateful to Mr, Kerridge for 
assistance in reading the proofs of the book. 

_ In writing this book the author has had special regard to 
the possible needs of those members of the fighting forces 
who require a knowledge of Trigonometry, and he earnestly 
hopes that the book may prove of some service to them, 
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CHAPTER I! 
GEOMETRICAL FOUNDATIONS 


1. Trigonometry and Geometry. 
Tue name Trigonometry is derived from the Greek words 
meaning “‘ triangle” and “to measure”. It was so called 
because in its beginnings it was mainly concerned with the 
kee: rs eee ee : y this is meant the 
problem of finding he sides an les of a triangle, 
when some of these are known. oe : 
Before beginning the study of Trigonometry it is. very 


desirable, in order to reach an intelligent understanding of 
fundamental geo- 


it, to acquire some knowledge of : 
metrical ideas upon which the subject is largely built. 
Indeed, Geometry itself is thought to have had its origins 
in practical problems which are now solved by Trigono- 
metry. This is indicated in certain fragments of i 

mathematics which are available for our study. e learn 
from them that from early times Egyptian mathematicians 
were concerned with the solution of problems arising out of 
certain geographical b serves peculiar to that country. 
Every year the Nile floods des landmarks and boun- 
daries of er aotaonen eters lish them, methods of 
surveying were deve l, an ese were dependent upon 
principles which came to be studied under the name of 

Geometry’. The word ‘‘ Geometry”, a Greek one, 
means “ Earth measurement ", and this serves as an indica- 
tion of the — of the subject. 

We shall therefore begin by a brief consideration of 
certain geometrical 0S pare and theorems, the applica- 
tions of which we shall subsequently employ. It will not 
be possible, however, within this small book to attem 
mathematical proofs of the various theorems which will 
Stated. The student who has not previously studied the 
subject of Geometry, and who desires to pc a more 
complete knowledge of it, should turn to any good modern 
treatise on this branch of mathematics. 


2. The Nature of Geometry. 
Geometry has been called “ the science of space”. It 
deals with solids, their forms and sizes, By a“ solid” we 
13 
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mean a “ portion of space bounded by surfaces"’, and in 
Geometry we deal only with what are called “ regular 
solids“. As asimple example consider that familiar solid, 
the cube. Weare not concerned with the material of which 
it is composed, but merely the shape of the portion of space 
which it occupies. We note that it is bounded by six 
surfaces, which are squares. Each square is said to be at 
right angles to adjoining squares. Where two squares 
intersect straight lines are formed; three adjoining squares 
meet ina point. These are examples of some of the matters 
με αὶ Geometry considers in connection with this particular 
solid. 

For the purpose of examining the geometrical properties 
of the solid we employ a conventional representation of the 
cube, such as is shown in Fig. 1. In this all the faces are 
shown, as though the body were made of transparent 
material, those edges which could not otherwise be seen 
being indicated by dotted lines. The 
student can follow from this figure the 
properties mentioned above, 


3. Plane surfaces. 


The surfaces which form the boundaries 
of the cube are level or flat surfaces, or 
in geometrical terms ‘‘ plane surfaces '’. 
It is important that the student should 
have a clear idea of what is meant by a 
plane surface. It may be described as a /evel surface, a 
term that everybody understands although he may be unable 
to give a mathematical definition of it. Perhaps the best 
— in nature of a level surface or plane surface is that 
of still water. A water surface is also a horizontal surface. 

The following definition will present no difficulty to the 
student. 

A plane surface is such that the straight line which joins 
any two points on it lies wholly in the surface. 

It should further be noted that 

A plane surface is determined uniquely, by 

( Three points not in the same straight line. 
2) By two intersecting straight lines. 

By this we mean that one plane, and one only, can include 
(i) three given points, or (2) two given intersecting straight 
ines. 

It will be observed that we have spoken of surfaces, points 
and straight lines without defining them. Every student 
probably understands what the terms mean, and we shall 
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not consider them further here, but those who would 
desire more precise knowledge of them should consult a 
geometrical treatise. We shall proceed to consider theorems 
connected with points and lines on a plane surface. This is 
the part of geometry called “‘ plane geometry’. The study 
of the shapes and geometrical properties of solids is the 
function of “ solid | tapped ", which we will touch on later. 

4. Angles are of the utmost importance in Trigonometry, 
and the student must therefore have a clear understanding 
of them from the outset. Everybody knows that an angle 
is formed when two straight lines or two surfaces meet. 
This has been assumed in § 2. But a precise mathematical 
definition is desirable. Before proceeding to that, however, 
we will consider some elementary notions and terms con- 
nected with an angle. 

In Fig. 2, (a), (δ), (c) are shown three examples of angles, 

(1) In Fig. 2 (a) two straight lines OA, OB, called the 


arms of the angle, meet at O to form the angle denoted by 
AOB. 

O is termed the vertex of the angle. 

The arms may be of any length, and the size of the angle 
is not altered by increasing or decreasing them. σ΄» 

The “angle AOB” can be denoted by ZAOB or AOB. 
It should be noted that the middle letter, in this case, O, 
always indicates the vertex of the angle. 

(2) In Fig. 2 (δ) the straight line AO is said to meet 
the straight line CB at O. Two angles are formed, AOB 
and AOC, with a common vertex O. | 

(3) In Fig. 2 (c) two straight lines AB and CD cut one 
another at O. Thus there are formed four angles COB, 

OC, DOA, DOB. 

The pair of angles COB, AOD are termed vertically opposite 
angles. The angles AOC, BOD are also vertically opposite. 

Adjacent angles. Angles which have a common vertex 
and also one common arm are called adjacent angles. Thus 
in Fig. 2 (ὁ) AOB, AOC are adjacent. in Fig, 2 (c) COB, 
BOD are adjacent, etc. 
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5. Angles formed by rotation. 


bi must now consider a mathematical conception of an 
angle. 7 

magine a straight line, starting from a fixed position 
on OA (Fig. 3), to rotate about a point O in the direction 
indicated by an arrow. 


Fia. 3. Fic. 4. 


Let it take up the position indicated by OB, 

In rotating from OA to OB an angle AOB is described. 

Thus we have the conception of an angle as formed by the 
votation of ἃ straight line about a fixed point, the vertex of the 


le. 
or any point C be taken on the rotating arm, it will 
clearly mark out an arc of a circle, CD. 


/ ‘ 
‘ \ 
RK \ 0 ic kh 
\ / 
7 
he F 
Fic. 5. 


There is no limit to the amount of rotation of OA, and 
consequently angles of any size can be formed by a straight 
line rotating in this way. 

A half rotation. Let us next suppose that the rota- 
tion from OA to OB is continued until the position OA’ 
is reached (Fig. 4), in which OA’ and OA are in the same 
straight line. The point, C, will have marked out a semi- 
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circle and. the angle formed AOA’ is sometimes called a 
“ straight angle’’, : 

A complete rotation. Now let the rotating arm con- 
tinue to rotate, in the same direction as before, until it 
arrives back at its original position on OA. It has then 
made a complete rotation. The point C, on the ——_. 
will have marked out the circumference of a ci , as 
indicated by the dotted line. 


6. Measurement of angles. 


) Sexagesimal measure. 
e conception of formation of an angle by rotation leads 
us to a convenient method of measuring angles. We 


Fic, 6, 


imagine the complete rotation to be divided into 360 equal 
divisions; thus we get 360 small equal angles, each of y sad 
5 called a degree, and is denoted by 1°, 

Since any point on the rotating arm marks out the cir- 
cumference of a circle, there will be 360 equal divisions of 
this circumference, corresponding to the 360 degrees (see 
Theorem 17), If these divisions are marked on the circum- 
ference we could, by joining the points of division to the 
centre, show the 360 equalangles, ἡ ese could be numbered, 
and thus the figure could be used for measuring any given 
angle. In practice the divisions and the angles are very 
small, and it would be difficult to draw them accuratel 
This, however, is the principle of the “‘ circular protractor”, 
which is an instrument devised for the purpose of measuring 
angles. Every student of Trigonometry should provide him- 
Self with a protractor for this purpose. 
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Right angles. Fig. 6 represents a complete rotation, such 
as was shown in Fig. 6. Let the points D and F be taken 
half-way between C and E in each semi-circle. 

The circumference is thus divided into four equal parts. 

The straight line DF will pass through O. 

The angles COD, DOE, EOF, FOC, each one-fourth of a 
complete rotation, are termed right angles, and each con- 
tains 90°. . 

The circle is divided into four equal parts called Quadrants, 
and numbered the first, second, tli and fourth quadrants 
in the order of their formation. ͵ 

Also when the rotating line has made a half rotation, the 
“<= formed—the straight angle—must contain 180°. 

. degree is divided into 60 minutes, shown by *. 

Each minute is divided into 60 seconds, shown by ”. 

Thus 37° 156’ 27” means an angle of 


37 degrees, 15 minutes, 27 seconds. 


This division into so many small parts is very important 
in navigation, surveying, gunnery, etc., where great accuracy 
is essential. 

Historical note. The student wag | wonder why the 
number 360 has been chosen for the division of a complete 
rotation to obtain the degree. The selection of this number 
was made in very early days in the history of the world, and 
‘we know, for example, from inscriptions that it was em- 

loyed in ancient Babylon. The number probably arose 

the division of the heavens by ancient astronomers into 

360 fF , corresponding to what was reputed to be the 

number of days in the year. The number 60 was possibly 

used as having a large number of factors and so capable of 
being used for easy ions. — 

oF Centesimal measure. When the French adopted the 
Metric system they abandoned the method of dividing the 
circle into 360 parts. To make the system of measuring 
angles consistent with other metric measures, it was 
decided to divide the right angle into 100 equal amie and 
co uently the whole circle into 400 parts. e angles 
thus obtained were called grades. 

Consequently 1 right angle = 100 grades. 

Ἶ 1 grade F = 100 minutes. 
1 minute = 100 seconds. 

(c) Circular measure. There is a third method of measur- 

ing angles which is an absolute one, that is, it does not depend 


upon dividing the right angle into any arbitrary number οὗ 


equal parts, such as 360 o1 400. 
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— —_* obtained as follows: 
na circle, centre O (see Fig. 7), let a radius OA 1 
a position OB, such tle ἡ τ ῤρημαο μη φρρῤτω 
the length of the are AB is equal to that of the radius. 
_In doing this an angle AOB is formed which is the unit 
ol measurement. It is called a radian. The size of this 


angle will be the same whatever radius is taken. It is 
absolute in magnitude. 
In degrees 1 radian = 57° 17’ 448" (approx.). This 


method of measuring angles will be dealt with more fully in 
Chapter X. It is very important and is always used in 
the bigher branches of mathematics, 


Fic. 7. 


7. Terms used to describe angles, 

An Acute angle is an ] ich i igt 
5. 8 angle which is Jess than a right 
An Obtuse angle is one which is greater than a right 


angle. 
waitin or re-entrant angles are angles between 180° and 


Complementary angles. When the sum of two angles is 
equal to a right angle, each is called the complement of the 
other. Thus the complement of 38° is 90° — 38° = 52°, 
| Supplementary angies. When the sum of two angles is 
€qual to 180", each angle is called the supplement of the 
other. Thus the supplement of 38° is 180° — 38° = 142°. 


8. Geometrical Theorems. 


We will now proceed to state, without proof, some of the 
more important geometrical theorems. 
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Theorem |. Intersecting straight lines. 
if two straight lines intersect, the vertically opposite 
angles are equal. (See § 4.) 


C B 


Fic. &. 


In Fig. 8, AB and CD are two straight lines intersecting 
at ὁ. 7 
Then ZAOC = ZBOD 
and £COB = ZAOD. 
The student will probably see the truth of this on noticing 
that ZAOC and ZBOD are each supplementary to the 
same angle, COB. 


9. Parallel straight lines. 


Take a set square PRQ (Fig. 9) and slide it along the 
edge of a ruler. 
Let P,R,Q, be a second position which it takes up. 


Ρ' 


Ρ 


A; «ἕῳ A B 


Fic. 9. 


It is evident that the inclination of PQ to AB is the same 
as that of P,Q, to AB; since there has been no change in 
direction, 

ς΄ LPQB= Z2P,038 

If PQ and P,Q, were produced to any distance they would 
not meet. ; 

The straight lines PQ and P,Q, are said to be parallel. 
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Similarly PR and P,R, are parallel. 
Hence the following definition. 
Straight lines in the same plane which will not meet however 
far they may be produced are said to be parallel. 


_ Direction. Parallel straight lines in a plane have the same 
diyection, Ifanumber of ships, all sailing North in a convoy 
are ordered to change direction by turning through the 
same angle, they will then follow parallel courses. 

Terms connected with parallel lines. 


In Fig. 10 AB, CD represent two parallel straight lines. 
Transversal. A straight line such as PQ which cuts them 
is called a transversal. 


Fia. 10. 


Corresponding angles. On each side of the transversal 
are two pairs of a μῆς one pair of which is shaded in the 
figure. These are called corresponding angles. 

Alternate angles. Two angles such as AEF, EFD on 
opposite sides of the transversal, are called alternate angles. 


Theorem 2. 


lf a pair of parallel straight lines be cut by a transversal 

Alternate angles are equal. 

2) Corresponding angles on the same side of the trans- 
versal are equal. 

(3) The two interior angles on the same side of the 
transversal are equal to two right angles. 

Thus in Fig. 10, 

Alternate angles. ZLAEF = ZEFD; ZBEF = ZEFC. 

Corresponding angles. 

LPEB = ZEFD; LBEF = /DFQ. 
Similarly on the other side of the transversal. 


F  peneatl angles LBEF + LEFD = 2 right angles. 


LAEF + ZEFC = 2 right angles. 
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10. Triangles. 
Kinds of triangles. 


A right-angled triangle has one of its angles 
a right angle. The side opposite to the 
right angle is called the hypotenuse. 


᾿ς An acute-angled triangle has all its angles 
_ acute angles (see § 7). 


| An obtuse angled triangle has one of its 
angles obtuse (see § 7), 


An isosceles triangle has two of its sides 
equal. 


An equilateral triangle has all its sides 
equal. 


Fic. 11. 


Lines connected with a triangle. The following terms are 
used for certain lines connected with a triangle. 


In A ABC, Fig. 12, 


(1) AP is the perpendicular from A to BC. It is called 
the altitude from the vertex A. 
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(ἢ μι 53 the bisector of the vertical angle at A. 
3) AR bisects BC. Itis called a median. If each of the 
points B and C be taken as a vertex, there are two other 
corresponding medians. Thus a triangle may have three 
medians. 
ll. Theorem 3. Isosceles and equilateral triangles. 

In an isosceles triangle 

4) The sides opposite to the equal angles are equal. 

(6) A straight line drawn from the vertex perpendicular 
to the opposite side bisects that side and the vertical angle. 


A 


Fic. 13. Fic. 14. 


In Fig. 13, ABC is an isosceles A and AO is drawn perp. 
to the base from the vertex A. 

Then by the above ZABC = ZACB 

BO = OC 
ZBAO = ZCAO., 

Equilateral triangle. ‘The above is true for an equilateral 
pak voi ον and since all its sides are equal, all its angles are 

u 


"ἘΠ an isosceles A the altitude, median and 
bisector of the vertical angle (see § 10) coincide when the 
ace: .of intersection of the two equal sides is the vertex. 
f the A is equilateral they coincide for all three vertices. 


12. Angle properties of a triangle. 


Theorem 4. If one side of a triangle be produced, the 
exteriér angle so formed is equal to the sum of the two 
interior opposite angles. 


so in Fig. 14 one side BC of the A ABC is produced 
ZACD is called an exterior angle, 
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Then by the above 

ZLACD = ZABC + Z£BAC 

Notes.—(1) Since the exterior angle is equal to the sum 
of the opposite interior angles, it must be greater than 
either of them. 

(2) As each side of the triangle may be produced in turn, 
there are three exterior angles. 

Theorem 5. The sum of the angles of any triangle is 
equal to two right angles. 

Noles.—It follows: 


1) Each of the angles of an equilateral triangle is 60°. 
2) In a right-angled triangle the two acute angles are 
complementary ‘(see § 7). 

(3) The sum of the angles of a quadrilateral is 360°, since 


it can be divided into two triangles by joining two opposite. 


points. 
13. Congruency of triangles. 


Definition. Triangles which ave equal tn all respects are 
said to be congruent. 

Such triangles have corresponding sides and angles equal, 
and are exact copies of one another. 

If two triangles ABC and DEF are congruent we may 
express this by the notation A ABC = A DEF, 


Conditions of congruency. 


Two triangles are congruent when 

(1) Theorem 6. Three sides of one are respectively 
equal to the three sides of the other. 

(2) Theorem 7. Two sides of one and the angle they 
contain are equal to two sides and the contained angle of 
the other. 

(3) Theorem 8. Two angles and a side of one are equal 
to two angles.and the corresponding side of the other. 

These conditions in which triangles are congruent are 
very important. The student can test the truth of them 
practically by constructing triangles which fulfil the con- 
itions stated above, 


The ambiguous case. 


The case of constructing a triangle when there are given 
two sides and an angle opposite to one of them, not contained 
by them as in Theorem 7, requires special consideration. 


Example. Construct a triangle in which two sides are 
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1.8" and 11” and the angle opposite to the smaller of these 


is 30°. 


The construction is as follows: _ 

Draw a straight line A X of indefinite length (Fig. 15). 

At A construct ZBAX = 30° and make AB = 1-5". 

With B as centre and radius 1-1” construct an arc of a 
ἀκα τς will do in two points, C and C’ 

This it will do in points, : . | 

Consequently if we join BC or BC’ we shall complete 
two triangles ABC, ABC ‘ each of which will fulfil the given 
conditions. There being thus two solutions the case 15 
called ‘* ambiguous "’ 


Fic. 15. 


14. Right-angled triangles. 

Theorem of Pythagoras. 

Theorem 9. In every right-angled triangle the square 
on the hypotenuse is equal to the sum of the squares on the 
sides containing the right angle. ba 

In Fig. 16 ABC is a right-angled triangle, AD being the 
menobennes, On the three sides squares have been con- 
structed. Then the area of the square described on AB 
is equal to the sum of the areas of the squares on the other 
two sides. 

This we can write in the form 

AB* = AC? + BC*. | 

If we represent the length of AB by ¢, AC by 6 and BC 
by a, then c? = a? + ὁ, 

tt should be noted that by using this result, if any two 
sides of a oe triangle are known, we can find the 
other side, for . 

αἱ = οἵ -- δ᾽ 


δ3 ΞΞΞ οἷ —a*, 
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: Note.—This theorem is named after Pythag. oras, the Greek 

mathematician and philosopher who was born about 569 B.0. 
It is one of the most important and most used of all ase 
— —— Feo proofs — given in Vol. I o 
Sateen ficate ) athematics, published by the English 


15. Similar triangles. 


Definition. If the angles of one triangle ave vesbecti 
. respectivels 
‘to the angles of another triangls the abe irhesaiiaa aed bale 


to 5 epee ah f 
he sides of similar triangles which are i 
angles in each are called corresponding sides. ΠΟ σΩΝ 
A 
D 


Fic. 17. 


In Fig. 17 the triangles ABC, DEF are equiangular 
LABC = ZLDEF, 
ZBAC = ZEDF, 
£ACB = ZDFE, 
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The sides AB, DE are two corresponding sides. 
So also are AC and DF, BC and EF. 
Fig. 18 shows another example of interest later. 
A "ἢ CD, EF are parallel. 
Then by the properties of parallel lines (see § 9) 
ZOAB = ZOCD = LOEF 
also ZOBA = ZODC = LOFE. 


ἡ, the triangles OAB, OCD, OEF are similar. 
Property of similar triangles. 


Theorem 10. If two triangles are similar, the correspond- 
ing sides are proportional. 


Fic. 18. 


Thus in Fig. 17: 
AB DE AB_DE AC_DF 
BC EF ἈΠ DF’ CB” FE 


Similarly in Fig. 18 : 
AB _ CD EF 
ΒΟ ΤΟ FO’ 
AB CD EF 
OA = DC = OE’ etc. 
These results are of t importance in Trigonometry. 
Note.—A similar relation holds between the sides of 
quadrilaterals and other rectilinear figures which are 
equiangular. 


16. Quadrilaterals.. 
A reir atas is a plane figure with four sides, and a 
straight line joining two opposite angles is called a diagonal. 
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The following are among the principal quadrilaterals, 
with some of their properties : : ᾿ 


(1) The square (a) has all its sides 
ler and its angles right angles; 
(δ) its diagonals are equal, bisect each 
other at right angles and also bisect 
the opposite angles. 


GEOMETRICAL FOUNDATIONS 29 


the circle. It divides the circle into two equal parts called 
i-circles. 

“a segment is a part of a circle bounded by a chord and 

the arc which it cuts off. Thus in se: 20 the chord PQ 

divides the circle into two segments. The larger of these 

PCQ is called a major segment and the smaller, PBQ, is 

called a minor segment. 


(2) The rhombus (a) has allits sides 
equal; (b) its angles are not right 
angles; (6) its di bisect each 


opposite angles. 


(3) The rectangle (a) has opposite — 


sides equal and all its angles are right 
angles; (b) its diagonals are equal and 
bisect each other. 


_ (4) The parallelogram (a) has oppo- 
site sides equal and 116]; (b) its 
opposite angles are equal; (c) its 
diagonals bisect each other. 


sides parall 


17. The Circle. 


Fic. 19. 


what a circle is, but we now give a geometrical definition. 

A circle is a plane figure bounded by one line whtch ts called 
the circumference and is such that all straight lines drawn 
to the circumference from a point within the circle, called the 
centre, are equal, 

These straight lines are called radit. 

An arc is a part of the circumference. 

A chord is a straight line joining two points on the cir- 
cumference and dividing the circle into two ὑγρός 

A diameter is ac. which passes through the centre of 


other at right angles and bisect the © 


(5) The peer has two opposite 


Definitions. It has already been — 
assumed that the student understands © 


A sector of a circle is that part of the circle which is 
bounded by two radii and the arc intercepted between 
them, : | | 

Thus in Fig. 21 the figure OPBQ is a sector bounded by 
the radii OP, OQ and the arc PBQ. τοί. 

An angle In a segment is the angle formed by joining the 
ends of a chord or arc to a point on the arc of the segment. 


Fria. 20. Fic. 21. 


Thus in Fig. 22, the ends of the chord AB are joined to D 
a point on the are of ae “tocar The angle A DB is the 
angle in the segment A ‘ 
Ἢ we join A oat B to any  esait D’ in the mmor segment, 
then 2.18 is the angle in the minor segment. mnths 
If A and B are joined to the centre O, the angle AOB is 
called the angle at the centre. 
The angle {DB is also said to subtend the arc AB and the 
/ AOB ig said to be the angle subtended at the centre by the 
are AB or the chord AB. 


Concentric Circles. Circles which have the same centre 
are called concentric circles. 


18. Theorems relating to the circle. 

Theorem ἢ}. Ifa diameter bisects a chord, which is not 
a diameter, it is perpendicular to the chord. 

Theorem 12. Equal chords in a circle are equidistant 
from th tre. 
“Ἡ ϑδιόν [3. The angle which is subtended at the 
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centre of a circle by an arc is double the angle subtended at _ 


the circumference. 


In Fig. 23 ZAOB is the angle subtended at O the centre _ | 


of the circle by the arc AB, and ZADB is an angle at the 
circumference (see § 17) as also is Z ACB. 

Then ZAOB = 2ZADB. 

Also LAOB = 22ACB. 


Theorem 14. Angles in the same segment of a circle are 
equal to one another. 


In Fig. 23 LACB = LADB. 
This follows at once from Theorem 13. 


Theorem IS. The opposite angles of a quadrilateral 
inscribed in a circle are rogether equal to two right angles. 


Fic. 23. 


Fic. 22. 


They are therefore pupplemantasy (see § 7). 

Note.—A quadrilateral inscribed in a circle is called a cyclic 
or concyclic quadrilateral. 

In Fig. 24, ABCD is a cyclic quadrilateral. 

Then ZABC + LADC = 2right angles 

“BAD + ZBCD = 2 right angles. 

Theorem 16. The angle in a semi-circle is a right angle. 

In Fig. 25 AOB is a diameter. 

The ZACB is an angle in one of the semi-circles so formed. 

4 ACB is a right angle. 


Theorem I7. Angles at the centre of a circle are 
proportional to the arcs on which they stand. 
In Fig. 26, 
£POQ _ arc PQ 
£OOR ~ arc OR. 
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It follows from this that equal angles sland on ἐμαὶ arcs. 


This is assumed in the method of measuring angles 
described in § 6(a). 


lic, 28. 


Tangent to a circle. 
7 is rai Ὶ hich meets the 
A tangent to a circle is @ straight line which 
sivetateeniae of the circle but which when produced does not 
cut it, ἘΠῚ 
In Fig. 27 PQ represents a tangent to the circle at a 
point A on the circumference. 


Fic. 26. Fic, 27. 


Theorem I8. A tangent to a circle is perpendicular to 
the radius drawn from the point of contact. 


Thus in Fig. 27 PQ is at right angles to OA. 
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SOLID GEOMETRY 


19. We have so far confined ourselves to the consideration 
of some of the properties of figures drawn on plane surfaces. 
In many of the practical applications of Geometry we are 
concerned also with “ solids ν᾽ to which we have referred in 
§ 2. In addition to these, in surveying and navigation 
problems, for example, we need to make observations and 
calculations in different ‘‘ planes *’, which are not specifi- 
cally the surfaces of solids. Examples of these, together 
with a brief classification of the different kinds of regular 
solids, will be given later. 


20. Angle between two planes. 


Take a piece of fairly stout paper and fold it in two. 
Let 48, Fig. 28, be the line of the fold. Draw this straight 


Fia. 29, 
Let BCDA, BEFA represent the two parts of the 


line, 


PT he 7 
ese can be regarded as two separate planes. Starting 
with the two parts folded together, keeping one part fixed 
the other part can be rotated about AB into the position 
indicated by ABEF. In this process the one plane has 
moved through an angle relative to the fixed plane. This is 
analogous to that of the rotation of a line as described in 
§ 5. 6 must now consider how this angle can be definitely 
fixed and measured. Flattening out the whole paper again 
take any point P on the line of the fold, i.e. AB, and draw 
RPQ at right angles to AB. If you fold again PR will 
coincide with PQ. Now rotate again and the line PR will 
mark out an angle relative to PQ as we saw in §5. The 
angle RPQ is thus the angle which measures the amount of 
rotation, and is called the angle between the planes. 


| 
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Definition. The angle between two planes is the angle 
between two straight lines which ave drawn, one in each plane, 
at right angles to the line of intersectron of the plane and from 
the same pornt on it. ; 

When this angle becomes a right angle the planes are 
perpendicular to one another. hy ee 

s a particular case a plane which is perpendicular to a 
horizontal plane is called a vertical plane (see ὃ 3). | 

If you examine a corner of the cube shown in Fig. 1 you 
will see that it is formed by three planes at right angles to 
one another. A similar instance mav be observed in the 
corner of a room which is rectangular in shape. 


Fic. 29. 


21. A straight line perpendicular to a plane. 

Take a piece uf cardboard AB (Fig. 29), and on it draw a 
number of straight lines intersecting at a point O. At O 
fix a pin OP so that it is perpendicular to all of these lines. 
Then OP is said to be perpendicular to the plane AB. 

Definition. A straight line is said to be perpendicular toa 
plane when it is perpendicular to any straight line which τὶ 
meets in -the plane. 

Plumb line and vertical. Builders use what is called a 
plumb line to obtain a vertical line. It consists of a small 
weight fixed toa fineline. This vertical line is perpendicular 
to a horizontal plane. 


22. Angle between a straight line and a plane. 


Take a piece cf cardboard ABCD, Fig. .30, and at a point 
O in it fix a needle ON at any angle. At any point P on the 
B—TRIG. 
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needle stick another needle PQ into the board, and per- 
pendicular to the board. 

Draw the line OOR on the board. 

OQ ts called the projection of OP on the plane ABCD. 


ooo 
om B 


Fic. 30. 


The angle POQ between OP and its projection on the 
plane is called the angle between OP and the plane. 

If you were to See by drawing other lines from O 
on the plane you see that. you will get angles of different 
sizes between ON and such lines. But the angle POQ is 
the smallest of all the angles which can be formed in this 


way. 

; Definition. The angle between a straight line and a plane 

= ole angle between the straight line and its projection on 
née, 


Fic. 31. 


23. Some regular solids. 
(1) Prisms. In Fig. 31(a), (δ), (c) are shown three 
ical prisms, 
@) is rectangular, (b) is triangular and (c) is hexagonal. 
Trey have two ends or bases, identically equal and a 
rectangle, triangle and regular hexagon respectively. 
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The sides are rectangles in all three figures and their 
planes are perpendicular to the bases. 

Such prisms are called right prisms, 

If sections are made paral | iel to the bases, all such sections 
are identically equal to the bases. A prism is a solid with 
a uniform cross section. 

Similarly other prisms can be constructed with other 
geometrical figures as bases. 


(2) Pyramids. In Fig. 32 (a), (ὁ), (c), are shown three 
typical pyramids. 

a) is a square mid ; 

ὕ is a triangular pyramid; 

8 is a hexagonal pyramid. 

Pyramids have one base only, 
which, as was the case with prisms, 
is some geometrical figure. 

The sides, however, are isosceles 
triangles, and they meet at a point 
called the vertex. 

The angle between each side and 
the base can be determined as follows 
for a square pyramid. 

In Fig. 33, let P be the inter- 
section of the diagonals of the base. τα, 33 

Join P to the vertex O. Fic, 33. 

_When OP is perpendicular to the base the pyramid is a 
right pyramid and OP is its axis. 

Let 7) = mid-point of one of the sides of the base AB. 

oO1n an . 
en PQ and OQ are perpendicular to AB = 11). 

ΤῈ will be noticed that OPQ represents a plane, imagined 
within the pyramid but not necessarily the surface of a solid. 

Then by the Definition in § 20, the angle OOP represents 
the angle between the plane of the base and the plane of 
the side OAB. 

Clearly the angles between the other sides and the base 
will be equal bo hits angle. 
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Noie.—This angle must not be confused with angle OBP 
which students sometimes take to be the angle between a 
side and the base. 


Sections of right pyramids. 

If sections are made parallel to the base, and therefore at 
right angles to the axis, they are of the same shape as the 
base, but of course smaller and similar. 


(3) Solids with curved surfaces. 


The surfaces of all the solids considered above are plane 
surfaces. There are many solids whose surfaces are either 
entirely curved or partly plane and partly curved. Three 
well-known ones can be mentioned here, the cylinder, the 
cone and the sphere. Sketches of two of these are shown 
below in Fig. 34(a) and (δ). 


εἴν τὰ τὰ αν απ ἀπ ἂν απ απ ΠΝ 


- ee 
eee ΣΡ ς 


Fic. 34. 


(a) The cylinder (Fig. 34(a)). This has two bases which 
are equal circles and a curved surface at right angles to these. 
A cylinder can be easily made by taking a rectang piece 
of paper and rolling it round until two ends meet. This 15 
sometimes called a circular prism. 

(δὴ) The cone (Fig. 34(b)). This is in reality a pyramid 
with a circular base. 

(c) The sphere. A sphere is a solid such that any point 
on its surface is the same distance from a point within, 
called the centre. Any section of a sphere is a circle. 

24. Angles of elevation and depression. 

The following terms are used in practical applications of 
Geometry and Trigonometry. 

(a) Angle of elevation. 


Suppose that a surveyor, standing at O (Fig. 35) wishes to 
determine the height of a distant towerand spire. His first 
step would be to place a telescope (in a Meer hori- 
zontally at O, He would then rotate it im a vertical plane 
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until it pointed to the top of the spire. The angle through 
which A ager ai it, the angle , in Fig. 35 is called the 
angle of elevation or the alittude of P. | 

metimes this is said to be the angle sublended by the 
building at O. 


Fic. 35. 


Altitude of the sun. The altitude of the sun is in reality 
the angle of elevation of the sun. It is the angle made by 
the sun’s rays, considered parallel, with the horizontal at 
any given spot at a given time. 

(b) Angle of depression. 

If at the top ot the tower shown in Fig. 35, a telescope 
were to be rotated from the horizontal till it points to an 
object at O, the angle so formed is called the angle of de- 
pression, 


CHAPTER Il 
LOGARITHMS 


25. LoGaRiITHMs are of the utmost importance in Trigono- 
metry. Without them many calculations would be ex- 
tremely tedious and in some cases impossible. Lest the 
student should not have a working knowledge of them we 
give a brief sum of their nature, properties and uses. 

Logarithms are Indices viewed from a special standpoint. 
We must therefore begin by a brief consideration of the 
laws of Indices, 

It will be learnt from Teach Yourself Mathematics that 
a‘ represents @ X ἃ X @ X a, where a is any number. 

The Index “" 4” indicates the number of factors. 

Generally, if ‘‘ » ” stands for any whole number 


a*meansa X@xXaxX ... tom factors and 
a” is called the mth power of a. 


26. Laws of Indices. 


We now proceed to the laws which govern the use of 
Indices. 

(1) Law of multiplication. 

Since αὐ τε xX @ xX a x a (i.e. the product of: 4 a’s ”) 


and a* =a X α X a (the product of “ 3 a’s”), 
then a* x a* = the product of (4 + 3)a’s. 
1.6. a* Χ a® = atts 


= @’, 

And generally if m and n are any positive integers we can 

prove 
α΄ x a* = απ Ὁ, 
This law is obviously true for any number of factors, ¢.g. 
a" xX a" X a? = απ ΜΈΣ, 

(2) Law of division. 

Since a*=axaxaxaxa 
and a@®=axaxa 
on division the three factors of a* cancel three of the five 
factors of a. 

Thus (5 — 3) ἐ.6. 2 factors are left. 

38 
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ee a’ + α = αδ'8 
and in general we can prove 
a" — αὐ = a™"*. 
(3) Law of powers. 
Suppose we require the value of (a°)®, ἱ.6. the third power 
of αὐ. This by meaning of an index is 
a* x a* x a! 
and by the first law of Indices, above, 
' g@& x ἀ x αὐ = g*t+5+s 


= 5\3 — αχϑ 
τι (2") = ἄμ, 
In general (a")* = a™. 


27. Summary of the Laws of Indices. 
(1) Multiplication. a" x a= ante, 
(2) Division. a? = g* = g*-", 
(3) Powers. (a")* = a™. 
Exercise |. 


1. Write down the values of : 


1) a* x a’, (4) 4% x - x 3.3. 
2) b? x δ5. δ 2 x 24 
3) #* x xt x #5. 6) 3 x 3? x 34, 


2. Write down the values of : 
(; a’ -- a’, i wit = x, 


4) 210 .- 26, 
3. Find the values of: 
(1) #7 x a4 = #8, 


cl — <5, 


@ Sx 4. 


(2) ΓῚ D4 αϑ -- a, (4) ΞΧΞ 
4. Find the values οὗ : 

1) (a’)?. δ) (1055, 

(2) as 6) 2a ᾿ 

(3) 381), 7) (ἐν), 

(4) (24), 8) (3*)*. 
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28. Extension of the meaning of an index. 

The student will readily understand how useful and im- 
portant indices are in Algebra. He will note that so far 
they have been restricted to positive whole numbers only, 

ind the meaning given to such a quantity as a" is un- 
intelligible except on the supposition that m is a positive 
integer. But we will now consider the possib ity of 
os g the uses of indices so that they can have any 
value. 

The student may already have noticed one instance 
which will be among those we shall consider in detail later. 
If we divide αὐ by αὐ and write this down in the form 
SB Bt ἈΒΑΡΟΒΡΗ͂Ν obtain on cancellin : or -ὦ 
a@xaxaxaxa’ axa a 

If a* be divided by a5 according to rule we have 

a? + ἃ τὸ ἀϑ ὁ 
= ὦ 3 

We are thus left with a negative index. But the working 
above shows that the result of the division of a* by αὐ is 

Consequently it appears that a~* means the same thing 
as 3, or the reciprocal of a’. 


Thus it seems that a meaning can be given to a~* which 
is, of course, quite different from the meaning when the 
index is a positive whole number. We are therefore led to 
consider what meanings can be given in all those cases in 
which the index is not a positive integer. In seeking these 
meanings of an index there is one fundamental principle 
which will always guide us, viz. : Every index must obey the 
laws of indices as discovered for positive integers. In other 
words, we will assume that the laws of indices, as stated 
above, are true in all cases. 

29. Fractional Indices. 

We will begin with the simple case of at. Since, by the 
above principle, it must conform to the laws of Indices, then, 
applying the law of multiplication ᾿ 

ar * a’ = αὐ ἡ 
=a'ora 

”. at must be such a quantity that, on being multiplied 
by itself, the result is a. ' 

ἐν αἱ must be defined as the square root of a 

or at = Va 
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Similar] 
| y at x al x at = ati ttt 
4 (First law of indices) 
. at must be defined as the cube root of a. 
The same argument may be applied in other cases, and 
so generally 


: 
a" = Ῥ γα 
To find a meaning for αἵ 
Applying the first law of indices 
at x ai χ qi = αὐτὶ 
= αὖ 


*, al must be the cube root of a* 


Similarly at = Wat 
and generally a = a" 

The student will note that decimal indices can be reduced 
to vulgar fractions and defined accordingly. 
Thus ats — αἱ 


= Wa 
30. To find a meaning for a® 
a" —a" = 1 
But, using the law of division for Indices, 
asa" =ar* 
= αὐ 
. @=1 
It should be noted that a represents any number. This 
result therefore is independent of the value of a. 
31. Negative indices. 
To find a meaning for τ" 


a* xX a= ote (First law of indices) 
q® 
= 1 (shown above) 
Dividing by a" ‘ 
a* =e 
a™ 
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We may therefore define a~" as the reciprocal of a*. 
Examples 


. ee | 
ov genceally εἶ 10 = τοὺ, οἱ 
Exercise 2 


Where necessary in the following take V2 = 1.414, 
V3 = 1-732, V10 = 3-162, each correct to three places of 
decimals. 

1. Write down the meanings of : 

3t, 4-1, 3a-?, 1000°, 2-4. ei oy 43, 10-3, 

2. Find the values of : 


(1) 25 x 3), (4) at x af. 
(2) 3 x 3! x 33, (δ) 53, 
(3) 10# = 10, (6) 108. 

3. Find the values of : 
(1) 83, (4) (δ᾽ ὅ)". 
(2) 2657. (5) 5=3- 
(3) (10%)? (6) (1000). 


4. Find the values of : 

1) (Δ). 4) (36)-*5, 

Ἢ {ἢ 5, 5) ta) Ἢ 

8) (16), 6) (})55. 
5. Find the value of a‘ x a-* x at when a = 2. 
6. Write down the simplest form of : 

(1) at x ab. (2) 103 x 10-4. 

32. A system of logarithms 


These extensions of the meanings of indices to all kinds 
of numbers are of great practical importance. They enable 
us to carry out, easily and accurately, calculations which 
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without them would be almost impossible or very laborious. 
We will choose a very simple example to explain how they 
can be used. 
We have seen that 
1005 = 10# = 710 = 3-162 approx. calculation 
Now 101: = 10!+# = 101 x 10# (First law of Indices 
= 10 x 3-162 = 31-62 | 
Also 10% = (10#)* (Third law of Indices) 
= V108 = ‘16 : 


= [:78 approx. 

Again 10! = 10#+# = 10% x 10? (First law of Indices) 
= 3-162 x 1-78 
= 5.02 8 . 

Also 10? = (10t)t — V10t 


= V1-78 = 1-33 approx. 
Similarly we might calculate a number of powers of 10. 
Let us now make a table showing st ape numbers above, 
(2) the tndices showing what powers ave of 10. 


Now suppose we want to find the value of 
3-162 x 1-78 
From the table we see that 3-162 = 100 
1.18 = 10%85 
-» #162 x 1-78 = 10°5 x 10° 
= 10%5+025 (First law of Indices) 
= 19°75 
Now the table shows us that 10°75 = 5-62 
ee 3162 > 4 1-78 = 5-62 
(Note.—All the numbers calculated are approximate.) 
You will see instead of the process o φέρον ‘soap ind of the 
numbers, we use that of an ition of the indices 
t 


Much more diffic calculations can be similarly per- 
formed. 


It is evident that if we are to make an extended us? of 
this method, one thing is essential. 
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We must have a table of the indices which indicate the 
power any given number is of a selected number such as 
0 which we have used for the above example. 

Such a table is called a table of logarithms and the number, 
such as 10 used above, with r t to which the logarithms 
are calculated, is called the base of the system. 

We can therefore define a logarithm as follows. 

Definition. A logarithm cd a number to a given base is 
the index of the power to which the base must be raised to 
produce the number. 

For example, we know that 

34] = 10% 5388 (1) 

Then by the above definition 

25328 ts the logarithm of 341 to the base 10 
This we abbreviate into 
2°5328 = logy, 341 (2) 
the base 10 being indicated by the suffix, as shown. The 
student should carefully note that equations (1) and (2) are 
two ways of expressing the same relation between the 
numbers employed. 


33. Characteristic of a logarithm. 
The hay ἤν or whole number part of a logarithm Is 
called the characteristic. This can always be determined 


by inspection when logarithms are calculated to base 10, 
as will be seen from the following considerations: 


Since 1¢° = 1, logy» 1 =0 
10' = 10, logy, 10 = ] 
10? = 100, log,,100 =2 
103 = 1000, log,,1000 = 
10* = 10,000, log,, 10,000 = 4 
and so on. 


From these results we see that, 


for numbers between 1 and 10 the characteristic is 0 
[1] oF ", 10 af ] fT [7] PF l 
on as on 100 PF 1000 oF ms re 2 

» 1000 ,, 10,000 ,, "" 3 


and so on. 
It is evident that the characteristic is always one less than 
the number of digits in the whole number part of the 
number. 
Thus in  log,, 3758-7 the characteristic is 3 
logo 375-87 ,, "" we 
log.) 37°587 ,, a Ἥ} 
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Thus the characteristic may always be determined by 
ion, and consequently is not given in the tables. 
This is one advantage of having 10 for a base. 


34. Mantissa of a logarithm. 
The decimal part of a logarithm is called the mantissa. 


In general the mantissa can be calculated to any required 
number of figures, by the use of higher mathematics. — In 
most tables, such as those given in this volume, the mantissa 
is calculated to four places of decimals approximately. In 
Chamber's Book of Tables” they are calculated to seven 
places of decimals. 
᾿ The mantissa alone is given in the tables, and the following 
example will show the reason why: 

log,, 168-3 = 2-2261 
“, 168-3 = > es ” 
" 1683=- l0=1 + wer 
™ ἊΣ 16-83 = 101:.3361.-. (second law of indices) 
= ]g' tel ἷ 
δ΄ logy 16-83 = 1.220] 
Similarly log,, 1-683 = 0-2261 


Thus, if a number is multiplied or divided γιὰ a power of 
10, the characteristic of the logarithm of the result 15 
changed, but the mantissa remains unaltered. This may 
be expressed as follows: 


Numbers having the same set of significant figures have 
the same mantissa in their logarithms. 


35. To read a table of logarithms. 


With the use of the above rules relating to the character- 
istic and mantissa of logarithms, the student should have 
no difficulty in reading a table of logarithms. 

Below is a portion of such a table, giving the logarithms 
of numbers between 31 and 35. 
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The figures in column 1 in the complete table are the 
numbers from 1 to 99. The corresponding number in 
column 2 is the mantissa of the logarithm. As previously 
stated, the characteristic is not given, but can be written 
down by inspection. Thus log,,31 = 1-4914, log,,310 = 
2-4914, etc. If the number has a third significant figure, the 
mantissa will be found in the appropriate column of the 
next nine columns. 


Thus logy, 31-1 = 1-4928, 
log,, 31-2 = 1-4942, and so on 


If the number has a fourth significant figure space does not 
allow us to give the whole of the mantissa. But the next 
nine columns of what are called ‘‘ mean differences" give 
us for every fourth significant figure a number which must 
be added to the mantissa already found for the first three 
significant figures. Thus if we want log,, 31-67, the man- 
tissa for the first three significant figures 316 is 0-4997. For 
the fourth significant figure 7 we find in the appropriate 
column of mean differences the number 10. This is added 
to 0-4997 and so we obtain for the mantissa 5007. 


Anti-logarithms. 


The student is usually provided with a table of anti- 
logarithms which contains the numbers corresponding to 
gtven logarithms. These could be found from a table of 
logarithms but it is quicker and easier to use the anti- 
logarithms. . 

The tables are similar in their use to those for logarithms, 
but we must remember: 


εἰ (ἢ That the mantissa of the log only is used in the 
ble, 


(2) When the significant figures of the number have been 
obtained, the student must proceed to fix the decimal point 
in them by using the rules which we have considered for the 
characteristic. 


Example. Find the number whose logarithm is 2-3714. 

First using the mantissa—viz., 0-3714—we find from the 
anti-logarithm table that the number corresponding is 
given as 2352. These are the first four significant figures 
of the number required. 

Since the characteristic is 2, the number must lie between 
100 and pet (see ou aoe therefore it must have 3 
significant figures in the inte ; 

.. The number is 2352. es 
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Note.—As the log tables which will be usually employed 
by the beginner are all calculated to base 10, the base in 
further work will be omitted when writing down logarithms. 
Thus we shall write log 235-2 = 2-3714, the base 10 being 
understood. 


Exercise 3, 


1. Write down the characteristics of the logarithms of 
the following numbers: 
15, 1500, 31,672, 597, 8, 800,000 
51-63, 3874-5, 2-615, 325-4 


2. Read from the tables the logarithms of the following 


numbers: 9 
(1) 5, 50, 500, 50,000. 
(2) 4-7, 470, 47,000. 
3) 52-8, 5-28, 528. 
ἢ 947-8, 9-478, 94,780. 
δ) 5738, 96-42, 6972. 


3. Find, from the tables, the numbers of which the 
following are the logarithms: 


1) 2-65, 4-65, 1-65. 
2} 1-943, 3-943, 0-943. 

3) 0-6734, 2-6734, 5-6734. 
ἢ 3-4196, 051184, 2-0568. 


36. Rules for the use of logarithms. 

In using logarithms for calculations we must be guided 
by the laws which govern operations with them. Since 
logarithms are indices, these laws must be the same in 
_ le as those of indices. These rules are given below; 
ormal proofs are omitted. 


(1) Logarithm of a product. 

The logarithm of the product of two or more numbers 
is equal to the sum of the logarithms of these numbers 
(see first law of indices). 

Thus if p and g be any numbers 

log (p Χ q) = logp + logq 

(2) Logarithm of a quotient. 

The logarithm of p divided by q is equal to the logarithm 
of eee by the logarithm of q (see se law of 
indices). 
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Thus log (p + q) = logp —logq 
(3) Logarithm of a power. 
The logarithm of a power of a number is equal to the 


logarithm of the number multiplied by the index of the 
power (see third law of indices). 
Thus log α" = n log a 
(4) Logarithm of a root. 
This is a special case of the above (3) 
! 1 
Thus log "a = log an 


l 
= nt log a 


37. Examples of the use of logarithms. 


Example 1. Find the value of 57-86 x 4-385. 

Let # = 57-86 x 4-385 

Then log x = log 57-86 + log 4-385 No. | log. 
= 1-7624 -+- 0-6420 57-86 | 1-7624 


== 2-4044 
= log 253-7 
“ΚΓ, τὸ 2537 


Notes.—(1) The student should remember that the logs 
in the tables are correct to four significant figures only. 
Consequently he cannot be sure of four significant figures in 
the answer. It would be more correct to give the above 
answer as 254, correct to three significant figures. 
os (2) The spe wp is ae 2 aia some εὐ emeega τῷ ney 

: ing the actu ons Wi ithms. Sucha 
method is shown above. ae 


above. 
Example 2, Find the value of 
5-672 x 18-94 
1-758 5 
_ 5-672 x 18-94 No. | log. 
δὲ i= 5-672 | 0.7838 


ἐν log x = log 5-672 + log 18-94 — log 1-758 1894 | 1-274 
= 0-7538 + 1-2774 — 0-2450 ania 


= ]-7862 ; ΞΞ 
= log 61-12 1 758 0-2450 
.- #*=61-12 61-12 | 1-7862 


or * = 6|-| (to three significant figures) 
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Example 3. Find the fifth root of 721-8. 
Let x= /731-8 
= (721-8) 
Then log x = } log 721-8 (see § 36(4)) 
= }(2-8584) 
= 0-5717 
κα = 3-730 
Exercise 4. 
Use logarithms to find the values of the following: 
1, 23-4 x 14-73. 14. (15-23)? x 3-142, 
2. 43-97 x 6-284. 15. (5-98)? + 16-47, 
3. 987-4 Χ 1-415. (91-5)? 
4, 42-7 x 9-746 x 14:36. 16. zaa—7a Gs: 
4-73 X 16-92 
δ. 28-63 + 11-95. ~Snkge : 
6. 43-97 + 6-284. y7, (&:97)" x (1-059)? 
7. 23-4 + 14-73. 577 
8. 927-8 + 4-165. 4798 
9. 94-76 x 4-195 + 27:94. 18. GERy = (0:814}5’ 
15-36 x 9-47 x 11-48 ‘sane 
10. “Fes x ares 1! 3-417, 
11. (9.478). 30. 4/4872. κε 
12. (51.413. 21. 1-625? x 4.788. 
13. (1-257)5. 22. “61-5 x 273. 


23. lf πν = 78-6 find r when π = 3-142. 
24. Τί ἐπνϑ = 15-5, find r when x = 3-142. 


38. Logarithms of numbers between 0 and |. 


_ In § 33 we gave examples of powers of 10 when the 
index is a positive integer. We will now consider cases in 
which the indices are negative. 


Thus 10! = 10 log,,10 = 1 
YP =! logy | = 0 
10:1 = τὺ = 0-1 log,,01 =—1 
10? = 55 = 001 log,, 001 = —2 
l 


log 1 0-001 ΞΞ =— 3 
etc, 
From these results we may deduce that: 


The logarithms of numbers between 0 and 1 are always 
negative, 
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We have seen (§ 34) that if a number be divided by 10, 
we obtain the log of the result by subtracting 1. 


Thus if log 49-8 = 1-6972 
log 4-98 = 0-6972 
log 0-498 = 0-6972— 1 


log 0-0498 = 0-6972 — 2 
log 0-00498 = 0-6972 — 3 
From the above log 0-498 = 0-6972 — 1 
= — 0-3028 
Now, in the logs of numbers greater than unity, the 
mantissa remains the same when the numbers are multiplied 
or divided by powers of 10 (see § 34), 1.6. with the same 
significant figures we have the same mantissa. 
It would clearly be a great advantage if we could find a 
system which would enable us to use this rule for numbers 


less than unity, and so avoid, for example, having to write 


log 0-498 as — 0-3028 


This can be done by not carrying out the subtraction as 


shown above, and writing down the characteristic as nega- 
tive. But to write log 0-498 as 0:6972— 1 would be 
awkward. Accordingly we adopt the notation 1-6972 
writing the minus sign above the characteristic. 

It is very important to remember that 


1-6972 = — 1 + 0-6972 
Thus in logarithms written in this way the characteristic 
is negative and the mantissa is positive. 
With this notation log 0-0498 = 3-6972 
log 0-00498 = 3-6972 
log 0-000498 = 4.6972 etc. 


Note. —The student should note that the negative char- 
acteristic is numerically one more than the number of zeros after 
the decimal point. 

Example |. From the tables find the logs of 0-3185, 
0-03185 and 0-003185. 

Using the portion of the tables in § 35, we see that 
the mantissa for 0-3185 will be 0-5031. 

Also the characteristic is — 1. 

.. log 00-3185 = 1-5031 

Similarly log 0-03185 = 3-5031 
and log 0-003185 = 3-5031 

Example 2. Find the number whose log. is 3-5416. 

From the anti-log tables we find that the significant figures 
of the number whose mantissa is 6416 are 3480. As the 
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characteristic is — 3, there will be two zeros after the decimal 
int. 
» the number is 0-003480 


Exercise 5. 
1. Write down the logarithms of: 
1) 2-798, 0-2798, 0-02798, 
2) 4.204, 0-4264, 0-004264, 
3) 0-009783, 0-0009783, 0-9783. 
4) 0-06451, 0-6451, 0-0006451. 
2. Write down the logarithms of: 


1) 0-05986. 4) 0-00009275., 
0-000473. 5) 0-5673. 
3) 0-007963. 6) 0-07986. 

3. Find the numbers whose logarithms are: 
1) 1-3342. (4) 4-6437. 
3 35-8724. 5) 1-7738. 
3) 2.481]. (6) 8-3948., 


39. Operations with logarithms which: are negative. 

Care is needed in dealing with the logarithms of numbers 
which lie between 0 and I, since they are negative and, as 
shown above, are written with the characteristic negative 
and the mantissa positive. 

A few examples will show the methods of working. 

Example |. Find the sum of the logarithms: 

1-6173, 2-3415, 1-6493, 0-7374 


Arranging thus peti 


53-3455 
_ The point to be specially remembered is that the 2 which 
is carried forward from the addition of the mantisse is 
positive, since they are positive. Consequently the addition 
of the characteristics becomes 

—1—2—1+04+2=—2 
Example 2. From the logarithm I-6175 subtract the 

log 3-8463. 

1-6175 

3-8463 


1-7712 
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Here in “"' borrowing ” to subtract the 8 from the 6, the Exercise 6. 
— 1 in the top line becomes — 2, consequently on subtract- 1. Add together the following logarithms: 
ing the characteristics we have | : | , Ἶ 
| | 1) 23-5178 + 1-9438 +- 0-6138 + 5-5283. 
so Fie (or ae Sie oe Ἐ1 (: 3-2165 + 35-5189 + 1-3297 + 3-6475. 
ee ge ype 4 " Ἶ ee peg a 3) 1-6472 — 1-9875 
ba ( 0.3981 — 1-5724. ts 5.1085 — 5-6271. 
1 a 3. Find the values of: | 
eee pie ᾿ 1) 1-8732 x 2. (4) 1-5782 x 1-5. 
From the multiplication of the mantissa, 2 is ed (2\ 5.9456 x 3. (5) 3-9947 x 0-8. 
forward. But this is positive and as (— 2) x 3= — 6, © 4) 1-5782 x 5. (6) 37165 ¥ 2-5 
the characteristic becomes — 6 + 2 -- — 4, ει Pind the values of: 
Example 4. Multiply 1-8738 by 1-3. ; 3-9778 x 0-65. (4) 2-1342 x — 0-4. 
In a case of this kind it is better to multiply the char- 2 poe x ae (5) pe wit at 
acteristic and mantissa separately and add the results. 3) 16257 X 0-6. (8) Ἂ 
ἘΝ sis, fe 3 = 3 μὰ" ὭΣ δ (4) 3-1195 + 2 
— ] » ls = -“ ff ] δ => ᾿ 3 > . 
5] 7 : | ; ; | 2) 53-5637 + 5. (δ) 1-6173 + 1-4. 
— 1-3 is wholly negative and so we change it to 2-7, to ἢ 39037 : 
make the mantissa itive. | ‘3178 = 3. (6) 2-3178 + 0-8. 
Then the st ed Bi sum of | Use logarithms to find the values of the following: 
1-13594 6. 15-62 x 0-987. 17. V1-715. 
3-7 7. 0-4732 x 0-694. 18. *647-2 + (3-715)?. 
8. 0-613 x 0-0298. \g 19. 4(48-62)#, 
1.83594 9. 75-94 x 0-0916 x 0-8194. $/9:798 | 
or 1|-8359 approx. 10. 9-463 + 15-47. 20. —. 
ὡς 11, 0-9635 + 29-74. ἽΝ oes 
Example 5. Divide 5-3716 by 3. 12. 27-91 + 569-4. Se 19.73,087 
Here the difficulty is that on dividing δ by 3 there {fs a 13. 0-0917 + 0-5732.  0.478)21., 

’ ich 3 14. 6-672 x 14-83 + 0-9873. 328. (0-478) 
remainder 2 which is negative, and cannot therefore be | 2 ; : 24, (5-684)! 
carried on to the positive mantissa. To get over the © 16. (0-9173 ᾿᾽ 25. 10-5173)-*4, 
difficulty we write: | 16. (0-4967)°. 

—§=—641 
or the log as — 6 + 1-3716 


Then the division of the — 6 gives us — 2 and the division 
of the positive part 1-3716 gives 0-4572, which is positive. — 
Thus the complete quotient is 2-4572. The work might be © 
arranged thus: 


3)6 + 1-3716 | 
+ 0-457 


2-4572 


CHAPTER Ill 
THE TRIGONOMETRICAL RATIOS 


THE TANGENT 


40. One of the earliest examples that we know in histo 
of the practical applications of Geometry was the problem 
of finding the height of one of the Egyptian pyramids. This 
was solved by Thales, the Greek philosopher and mathemati- 
i io ea about a B.c. to 550 B.c. For this pu 

e us e prop of similar triangles which i 
in § 15 and he di it ia this way. of pe τι 


Fic. 30. 


He observed the length of the shadow of the pyramid an 
at the same time, that of a stick, AB, placed verthonily me 
the ground at the end of the shadow of the pyramid (Fig. 36). 
QB represents the length of the shadow of the serenait and 

C that of the stick. Then he said “ The height of the 
pyramid ts to the length of the stick, as the length of the shadow 
of the pyramid is to the length of the shadow of the stick.” 
ee PQ QB 
1.é. τῷ F ᾿ lp Sa = 

ag. 86 AB = BC’ 
Then QB, AB, and BC being known we can find 
ὲ “ἢ ol περ that king, Amasis, was Aa cool at this 
cation of an abstract geometrical princi | 

solution of such a problem. , a oe 


54 
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| rinciple involved is practically the same as that 
ila ed in modern methods of solving the same problem. 
It will be well, therefore, to examine 1t more closely. 
We note first that it is assumed that the sun's rays are 
116] over the limited area ope apa this assumption is 
tified by the t distance of the sun. _ 
Ia ig. *36 it Πὰν that the straight lines RC and PB 
which represent the rays falling on the tops of the objects 
! el. 
 Consaquently, from Theorem 2(1), § 9, 
ZPBQ = ZLACB | 
These angles each represent the altitude of the sun (§ 24). 
As Zs PQB and ABC are right angles 
As PQB, ABC are similar. 


or as written above x = Ἐς’ 


he solution is independent of the length of the stick AB 

wile rb Ν ἡδής be aes the length of its shadow will be 
hanged proportionally. == 

: We a οι can make this important general deduction. 


. AB ; , 
For the given angle ACB the ratio ἘΣ "παῖς constant 


whatever the length of AB. 

This ratio aan oes be calculated beforehand whatever 
the size of the angle ACB. If this be done there is no necessity 
to use the stick, because knowing the ἘΠ“ and the value 
of the ratio, when we have measured the length of QB, 
we can easily calculate PQ. Thus if the altitude were 
found to be 64° and the value of the ratio for this angle 
had been previously calculated to be 2-05, then we have 


= 2-05 


and PQ =QB x 2-05. 
4\, Tangent of an angle. 

The idea of a constant ratio for every angle is so 
important that we must examine it In ate, ic νὰν 

POQ (Fig. 37) be any acute angie. trom pom 

A BC on cd δ ne perpendiculars AD, BE, CF to the 
other arm, ‘These being parallel, | 
Zs OAD, OBE, OCF are equal (Theorem 2 (1)) 
48 ODA, OEB, OFC are right- Zs. 
As AOD, BOE, COF are similar. 


and 
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᾿ AD ΒΕ ΓΕ 
MSc * OD ΘῈ OF (Theorem 10, § 15) 
Similar results fo 
taken on OQ. 


ἐς for the angle POQ the ratio of the perpenc | 
drawn from a point on one arm of the angle τὰ ie divcake 


intercepted on the other arm is constant. 


: 0: 


Fic, 37. 


This is true for any angle; each angle has its own parti- 


cular ratio and can be identified by it 


The names abbreviated Suen essere oF the angle. 
Thus for ZPOQ above we can write 
tan POQ = 55. 
42. Right-angled triangles. | 
Before proceeding further we will consider formally 


means of the tangent, the relations 
A which exist between the sides and 


e | les of a right-angled triangle, 

t ABC (Fig. 3 oh 

ὃ angled ‘triangle. ΒΑ i ee 

Let the sides of it gles 

B σις ἐρϑετῶῦς δὰ Pposite the angles 
Fic. 38. 


net se ὦ (opp. 4), ὃ (opp. 3), ¢ (opp. ΟἹ. 
( “geo τ general method of denoting sides of a right- 


lias as δον νη ἐς 


and 


low, no matter how many points are 
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Thus any one of the three quantities a, ὁ, tanB can 
be determined when the other two are known. 


43. Notation for angles. 

(1) As indicated above we sometimes, for brevity, refer 
to an angle by using only the middle letter of the three 
which define the angle. 

Thus we use tan B for tan ABC. 

This must not be used when there is any ambiguity, as, 
for example, when there is more than one angle with its 
vertex at the same point. 

(2) When we refer to angles in general we frequently use 
a Greek letter, 6.6. 0 (pronounced “‘ theta ’’) or @ (pronounced 
“ phi’) or » (pronounced “ psi "’) or even α, 8, or y, (alpha, 
beta, gamma). 


44. Changes in the tangent in the first quadrant. 


In Fig. 39 let OA a straight line of unit length rotate from 
a fixed position on OX until it reaches OY, a straight line 
perpendicular to OX, 

From O draw radiating lines to mark 10°, 20°, 30°, etc, 

From A draw a straight line AM perpendicular to OX 
and let the radiating lines be ΜΝ to meet this. 

Let OB be any one of these lines. 

| | BA 

Then tan BOA = OA’ 

Since OA is of unit length, then the length of BA, on the 
scale selectéd, will give the actual value of tan BOA. 

Similarly the tangents of other angles 10°, 20°, etc., can 
—— off by measuring the corresponding intercept on 
_ If tlie line OC corresponding to 45° be drawn then ZACO 
is also 45° and AC equals OA (Theorem 3, § 11). 

. AC=1 
.. ἰδη 48 = 1. 

At the initial position, when OA is on OX the angle 15 0°, 
the length of the perpendicular from A is zero, and the 
tangent is also zero. 

From examination of the values of the tangents as 
marked on AM, we may conclude: 

(1) tan O° is 0. 

2) As the angle increases, tan 0 increases. 
3) tan 45° = 1. 
ἃ (4) For angles greater than 45°, the tangent is greater 

ian l. 
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(5) As the angle approaches 90° the tangent increases 
very rapidly. en it is almost 90° it is clear that the 
radiating line will meet AM at a very great distance, and 


when it coincides with OY and 90° is reached, we say that © 


the tangent has become infinitely great. 
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This can be expressed by saying that 

As 0 approaches 90°, tan 0 approaches infinity. 

This may be expressed formally by the notation 
when θ ——> 90°, tand—> ὦ. 
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The symbol οὐ, commonly called infinity, means a number 
greater than anv conceivable number. 


45. A table of tangents. 


Before use can be made of tangents in practical applica- 
tions and calculations, it is nec to have a table which 
will give with great accuracy the tangents of all angles which 
may be required. It must also be possible from it to obtain 
the angle corresponding to a known tangent. 

A rough table could be constructed by such a practical 
method as is indicated in the previous paragraph. But 
results obtained in this way would not be very accurate. 

By the methods of more advanced mathematics, however, 
these values can be calculated to any required degree of 
accuracy. For elementary work it 1s customary to use 
tangents calculated correctly to four places of decimals. 
Such a table will be found at the end of this book. 

A small portion of this table, giving the tangents of angles 
from 25° to 29° inclusive is given below, and this will serve 
for an explanation as to how to use it. 


NATURAL TANGENTS. 


(1) The first column indicates the angle in degrees. 
(2) The second column states the corresponding tangent. 
Thus tan 27° = 0-5095. 

(3) If the angle includes minutes we must use the remain- 
ing columns. 

(a) If the number of minutes is a multiple of “6”, the 
figures in the corresponding column gives the decimal part 
of the tangent. Thus tan 25° 24’ will be found under the 
column marked 24’. From this we see 

tan 25° 24’ = 0-4748. 

(δ) If the number of minutes is not an exact multiple of 
6, we use the columns headed ‘‘ mean differences "’ for angles 
Mey are 1, 2, 3, 4, or 5 minutes more than the multiple 
oO fa 6 oF 
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Thus if we want tan 26° 38’, this being 2’ more than 26° 36’, 
we look under the column headed 2 in the line of 26°. The 
difference is 7. This is added to tan 26° 36’, i.e. 0-6008. 

Thus tan 26° 38’ = 0-5008 + -0007 

= 0-5015. 

An examination of the first column in the table of tan- 
gents will show you that as the angles increase and approach 
90° the tangents increase vey rapidly, Consequently for 
angles greater than 45° the whole number part is given as well 
as the decimal part. For angles greater than 74° the mean 
differences become so large and increase so rapidly that they 
cannot be given with amy degree of accuracy. If the 

ents of these angles are uired, the student must 
consult such a book as Chambers’ Mathematical Tables, where 
seven significant figures are given. This book should be 
found in the library of everybody who is studying Trigono- 
metry and its applications. 
46. Examples of the uses of tangents. 

We will now consider a few examples illustrating practical 
applications of tangents. The first is suggested by the 
problem mentioned in § 24. 

Example |. Ata point 168 ft. horizontally distant from the 
foot of a church tower, the angle of elevation of the top of the 
lower ts 38° 15". 

Find the height above the ground of the top of the tower. 

In “ba 40 PQ represents the height of P above the 
ground. 

We will assume that the distance from O is represented 


by OQ. 
Then ZPOQ is the angle of elevation and equals 38° 15’, 


: τα 38° 15’ 
oe 00 * tan 


᾿ς PQ =00Q x tan 38° 15’ 
= 168 x tan 38° 16’ 
= 168 x 0-7883 
Taking logarithms of both sides 
log (PQ) = τε 168 + log (0-7883) 
= 2-2253 + 1-8947 
= 2-1220 
== log 132-4 
”. PQ = 132 ft. approx 
Example 2. A man, who is 5 ft. 10 th, in height, noticed 
that the length of his shadow in the sun was 6 ft. 4in. What 
was the altitude of the sun? 
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In Fig. 41 let PQ represent the man and QF represent the 
w 


Then. PR represents the sun's ray and 2PRQ represents 
the sun’s altitude. 


Fic. 41. 
P τὸ im. 


= 1-0938 (approx.) 
= tan 47° 34’ 
”. the sun's altitude is 47° 34’. 
Example 3. Jig. 42 represents a section of a svmmetrical 
roof in whi:h AB 1s the span, and OP the rise. (P is the mid- 
point of AB.) If the span ts 22 ft. and the rise 7 ft. find the 
slope of the roof (t.e. the angle OBA). 


Fig. 42. 


OAB is an isosceles triangle, since the roof is symmetrical. 
.. OP is perpendicular to AB (Theorem 3, § 11). 
** tan OBP - PPR 
= 1, = 0-6364 (approx.) 
== tan 32° 28’ (approx.) 
&: £0BP τὸ 32 28'. 
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Exercise 7. 


1. In Fig. 43 ABC is a right-angled triangle with C the 
right angle. 
A Draw CD perpendicular to AB and DQ 
perpendicular to CB. 
‘rite down the tangents of ABC and 
CAB in as many ways as possible, using 
D lines of the figure. 
2. In Fig. 43, if AB is 15 cms. and AC 
12 cms. in length, find the values of 
tan ABC and tan CAB, 


ς 8 3. From the tables write down the 


Fic. 43. tangents of the following angles: 

1) 18°. (2) 43°. 3) 56°. 

4) 73°, (5) 14° 18’, te) 34° 48’, 
4. Write down the tangents of: 

(1) 9° 17’. 2) 31° 46’. (3) 39° 5’. 

(4) 52° 27’. 5) 64° 40’. 
5. From the tables find the angles whose tangents are: 

᾿ 0-5452. (2) 1-8265. (3) 2-8239. 

4) 1-3001. (5) 0-6707. 6) 0-2542. 


6. When the altitude of the sun is 48° 24’, find the height 
of a — whose shadow is 26 ft. 6 in. long. 

7. The base of an isosceles triangle is 10 in. and each of 
the equal sides is 13 ins. Find the angles of the triangle. 

8. A ladder rests against the top of the wall of a house and 
makes an angle of 69° with the ground. If the foot is 
20 ft. from the wall, what is the height of the house ? 

9. From the top window of a house which is 75 yds. 
away from a tower it is observed that the angle of elevation 
of the top of the tower is 36° and the angle of depression of 
the bottom is 1235, What is the height of the tower? 

10. From the top of a cliff 320 it. high it is noted that 
the —— of depression of two boats lying in the line due 
east of the cliff are 21° and 17°. How far are the boats 
apart? 

11. Two adjacent sides of a rectangle are 15-8 cms. and 
1]-9cms. Find the angles which a diagonal of the rectangle 
makes with the sides, 

12. PandQ are two points directly opposite to one another 
on the banks of a river. A distance of 80 ft. is measured 
along one bank at right angles to PQ. From the end of this 
oe the angle subtendea by PQ is 61°. Find the width of 
the river. 
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SINES AND COSINES 
47. In Fig. 44 from a point A on one arm of the angle 


ABC, a perpendicular is drawn to the other arm. 


We have seen that the ratio on = tan ABC, 
Now let us consider the ratios of each of the lines AC and 


BC to the hypotenuse AB. 


B C 


Fic. 44. 


(1) The ratio 4©, i.e. the ratio of the side opposite to the 


l the hypotenuse. | 
ἝΩΣ gta constant, as was the tangent, for the 
angle ABC, i.é. wherever the point A is taken, the ratio 

f AC to AB remains constant. ν 
7 This ratio is called the sine of the angle and is denoted by 


sin ABC, 
A A 


Fic. 45. 
(2) The ratio aa i.e. the ratio of the intercept to the 


hypotenuse. : 

This sitio is also constant i, ie angle and is called the 
1 is denoted by cos ABC. . 

“ἘΣ Rick chee ἐν soshetinee apt to confuse these two 
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ratios. The way in which they are depicted by the use of 
thick lines in Fig. 45 may assist the memory. If the sides 
of the AABC are denoted by a, ὃ, ¢ in the usual way and the 
angle ABC by ὃ (pronounced theta). 


| b 
Then in 45(a) sin θ = — (1) 
45(b) cos θ = 5 (2) 
From ih we mee b=csin® 
(2) @a=ccos0 


Since in the fractions representing sin θ and cos 0 above, 
the denominator is the hypotenuse, which is the greatest 
side of the triangle, then 


sin 0 and cos ἢ cannot be greater than unity. 


48. Ratios of complementary angles. 
In Fig. 45, since ZC is a right angle. 
”. 2A+ ZB= 90° 
4A and 28 are complementary (sce § 7). 


Also sind = Ξ 


and cosB = 5 
* sind =cosB 


*". The sine of an angle is equal to the cosine of its 
complement, and vice versa. 


This may be expressed in the form: 


sin ὃ = cos (90° — 6) 
cos 6 = sin (90° — 6) 


49. Changes in the sines of angles in the first quadrant. 


Let a line, OA, a unit in length, rotate from a fixed position 
(Fig. 46) until it describes a quadrant, that is the 2 DOA 
is a right angle. 

— O draw a series of radii to the circumference 

g to the angles 10°, 80",. 

oe the points where they meet the circumference draw 

lines "Considering icular to OA. 
ring any one of these, say BC, corresponding to 
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B t OB is of unit len 
Ξ ΒΟ ΜΡ valle ab μὰς BOE: in the scale in 
which OA represents unity. 
Consequently the “elena ca rae san which have been 
drawn represent the sines of the corresponding ai 
E these ulars we see that as the angles 


xamining c 
increase from 0 to oF the since continually increase. 


rae 
HSE 


30° 20°! 
Fic. 46. 
At 90° the perpendicular coincides with the radius 
" sin 90? = |. 
At 0° the perpendicular vanishes. 
* sin? = 0. 


Summarising these results: 
In the first eons 


1) sin 0° = 0. 

2) As 0 ierease from 0° to 90°, sin 6 increases. 
) sin 90° = I. 

C—TRIG. 
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50. Changes in the cosines of angles in the first quadrant. 
_ Referring again to Fig. 46 and considering the cosines of 
the angles formed as OA rotates, we have as an example 


cos BOC = Or. 


As before, OB is of unit length. 
.. OC represents in the scale taken, cos BOC. 
Consequently the lengths of these intercepts on OA 
represent the cosines of the corresponding angles. 
ese decrease as the angle increases. 
When 90° is reached this intercept becomes zero and at 
0° it coincides with OA and is unity. 
Hence in the first quadrant 
(1) cos 0° = |. 
2) As 0 increases from 0° to 90°, cos 6 decreases. 
3) cos 90° = 


51. Tables of sines and cosines. 


As in the case of the tangent ratio, it is necessary in order 
to make use of sines and cosines for practical purposes to 
compile tables giving the values of these ratios for all 
angles. These have been calculated and arranged by 
methods similar to the tangent tables and the general 
directions given in § 45 for their use will apply also to those 
for sines and cosines. 

The table for cosines is not really essential when we 
have the tables of sines, for since cos @ = sin (90° — 6) 
(see § 48) we can find cosines of angles from the sine table. 

For example, if we require cos 47°, we know that 

cos 47° = sin (90° — 47°) 
= sin 43°, 
δὲ to find cos 47° we read the value of sin 43° in the sine 
ble. 

In practice this process takes longer and is more likely 
to Ἂν" ἴο ches than finding the τς e direct from 
a e. uen | te tables for cosines are 
included at the end of this book. 

There is one difference between the sine and cosine tables 

which the student must remember when using ‘them. 
_ As we have seen in § 50, as angles in the first quadrant 
increase, sines increase but cosines easé. Therefore when 
using the columns of mean differences for cosines these 
differences must be subtracted, 


| 
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52. Examples of the use of sines and cosines. meh 
Example |. The length of each of the legs of apair of compasses 
is 2-5 ine. The legs ave bere out so that the distance between 
the points is 2 ins. What is then the angle between the legs ? 
In Fig. 47, let AB, AC represent the legs of the dividers. 
These being equal, BAC is an isosceles triangle. 
., AO the perpendicular to the base BC, from the vertex 
bisects the vertical angle BAC, and also the base. . 
Ἴ ΒΟ == OC Ξ- | in. 
We require to find the angle BAC, 


A 


Fic. 48, 


= ΕΞ ΞΡ 
= sm S99’ (from the tables) 


b6-25 
SS  LBAO = 28° ὅν 
Z£BAC =2 x ZBAO 
“ £BAC = 2 xX 23° 35’ 
= 47° 10’. 
Example 2. An 80-ft. ladder on a fire engine has to reach 


But 


α window 67 ft. from the ground which is horizontal and level. 
Vhat angle, to the nearest degree, must it make with the 
ground and how far from the building must it be placed ἢ 
Let AB (Fig. 48) represent the height of the window at A 
above the ground. 
Let AP represent the ladder. _ 
To find ZAPB we may use its sine for 


= sin 56° 53’ 
*. LAPB = 56° 53’ 
= 57° (to nearest degree). 


(from the tables) 
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To find PB we use the cosine of APB 
PB 


”. PB = APcos APB 


= 43-7 
*. PB = 44 ft. approx. 


Example 3. The height of a cone is 18 ins. and the angl 
αἱ the vertex is 88°. Find ἐμ slant height. ΜΝ 


Let OABC (Fig. 49) represent 
0 the cone, the bis ἃ bingo and 
ae τς base. 

t the AOAC represent a 
section through the vertex O and — 
perpendicular to the base, 

It will be an isosceles triangle 
and P the centre of its base will 
be the foot of the perpendicular 


OP will also bisect the vertical 
angle AOC (Theorem 3). 
Pr ts the height of the 
cone and is equal to 18 ins. 
OC represents the slant height. 
ΟΡ 
“. OP -ὰά Οὐ cos POC 
“. ΟΟ-Ξ ΟΡ -- cos POC 
= 18 + cos 44° 
= 18 + 0-7193 
Taking logs: log (OC) = log 18 — log 0-7193 
== 1-2553 — 1-8569 
= 1.3984 


= log 25-02 
“. OC = 25 Ins. approx. 
Example 4. Fig. δῦ represents a section of a symmetrical yoo 
frame. Pa = org ΑΒ = 6 ft, LOPA = 30; ind OP andOA. 
e can ge we ᾿ i 
must first find APB. sah eins lig 


; ΑΒ 6 ΒΤ ΤΣ 


ΖΟΡΒ = ZOPA + ΖΑΡΒ 
= 21° + 12° 23’ = 33° 23’. 


Fie. 49. 


Now 


ways as possible (1 
Peas oe ( 
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Next find PB, which divided by OP gives cos OPB. 
PB = AP cos APB = 28 cos 12° 23’ 
= 28 x 0-9768 
= 27-35 approx. 
Note.—We could also use the Theorem of Pythagoras. 


Oo 


Fic. 50. 


Ap = cos OPB 
* OP = PB = cosOPB 
OP = 27:35 — cos 33° 23” 
*. logOP = log 27-35 — log 0-8350 
== 1.4370 — 1-9217 = 1-5153 
== log 32-75 
“. OP = 32-75 ft. 
(2) To find OA. This is equal toOB —AB. 
e must therefore find OB. 
OB ee 
Now DP = sin OPB 
“. OB =OPsinOPB 
: = $2-75 x sin 33° 23’ 
ok OB Le lon S978 + 1/7406 m 1-2880 
a B= ‘75 + 1: = ἢ" 
“8 = ‘az 18-03 
“ OB = 18-03 


how 


and OA = OB — AB 


= 18-03 — 6 


Exercise 8. 
1. Using the triangle of Fig. 43 write down in as many 
) the sines, (2) the cosines, of 2ABC and 

B, using the lines of the figure. 
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2. Draw a circle with radius 1-5 in. Draw a chord of 
length 2 in. Find the sine and cosine of the angle sub- 
ed by this chord at the centre. 

3. Ina circle of 4 ins. radius a chord is drawn subtendi 
an angle of 80° at the centre. Find the length of the cho 
and its distance from the centre. 

4. The sides of a tri 
Draw the triangle and 


le are 4-5 ins., 6 ins., and 7-5 ins. 
d the sines and cosines of the 


gle. 
5. From the tables write down the sines of the following 
angles: 


(1) 14° 36’. (2) 47° 44’. (3) 69° 17’. 
6. From the tables write down the angles whose sines are: 
(1) 0-4970. (2) 0-5115. (3) 0-7906. 


7. From the tables write down the cosines of the following 
angles: 


( 20° 46’. 2) 44° 22’. 3) 62° 39’. 
4) 38° 50’. 5) 79° 16’. 6) 57° 23’. 
8. From the tables write down the angles whose cosines 
are; 
( 0-5332, Fi 0-9358. (3) 0-3546. 
4) 0-2172. ts 0-7910. (6) 0-6140. 


9. A certain uniform incline rises 10 ft. 6 ins. in a length 
of 60 ft. along the incline. Find the angle between the 
incline and the horizontal. 

_ 10. In a right-angled triangle the sides containing the 
right angle are 4-5 ins~and 5-8 ins.| Find the angles and 
the length of the hypotenuse. 

11. In the diagram of a roof frame shown in Fig. 42, find 
the angle at which the roof is sloped to the horizontal when 
OP = 4 ft. 4 ins. and OB = 18 ft. 

12. A rope 65 ft. long is stretched out from the top of a 
seg 48 ft. high to a point on the ground which is level. 
What angle does it make with the ground and how far is 
this point from the foot of the flagstaff? 


53. Cosecant, secant and cotangent. 


From the reciprocals of the sine, cosine and tangent we 
can obtain three other ratios connected with an angle, and 
problems frequently arise where it is more convenient to 
μοὶ ες these instead of using the reciprocals of the original 
ratios. 
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are called the cosecani, secant, and 


These reciprocals 
cotangent respectively, abbreviated to cosec, sec and cot. 
Th cosec 0 = τ 
us iin 
sec§ = ΚΣ ἢ 
cot 6 = . 
tan ὃ 


Cc 


Fre. δ]. 


These can be expressed in terms of the sides of a right- 
angled triangle with the usual construction (Fig. 51) as 
follows: 


Ratios of complementary angles. 
In continuation of § 48 we note that: 


since tan ABC -ἰς 
AC 
and cot BAC = 50 


“, tan® = cot (90° — 6) 
or the tangent of an angle is equal to the cotangent of its 
complement, 


54. Changes in the reciprocal ratios of angles in the first 
quadrant. 

The changes in the values of these ratios can best be 

examined by reference to the corresponding changes in the 
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values of their reciprocals (see §§ 44, 49 and 60 in this 


A The following 

16 followi eneral relations between a ratio and its 

reciprocal shou abe noted : 

ry: When the ratio is increasing its reciprocal is decreasing, 
nd vice versa. 

(6) When a ratio is a maximum its reciprocal will be a 
minimum, and vice versa. 

, uently since the maximum value of the sine and 
cosine in the first quadrant is unity, the minimum value of 
the cosecant and secant must be unity. 

ὴ (ο)] The case when a ratio is zero needs special examina- 
ion. 

If a number is very large, its reciprocal is very small. 
Conversely if it is very — its ieckeooal is very large. 
Thus th i : 3 i | 

us the ‘aap t of 1,000,000 15 1,000,000. 

When a ratio such as a cosine is decreasing until it finally 
becomes zero, as it does when the angle reaches 90°, the 
secant approaches infinity. With the notation employed 


in § 44 this can be expressed as follows. 


55. Changes in the cosecant. 
Bearing in mind the above, and remembering the changes 
in the sine in the first quadrant as given in § 49. 
(1) Cosec 0° is infinitely large. 
2) As 0 increases from 0° to 90°, cosec 0 decreases. 
3) cosec 90° = 1, 


56. Changes In the secant. 

Comparing with the corresponding changes in the cosine 
we see: 

ta} sec O° = 1, 

2) As @ increases from 0 to 90°, sec 0 increases. 

(3) As 6 —> 90°, sec 0 —> οὐ. 


57. Changes in the cotangent. . 


Comparing the corresponding changes of the tan®@ as 


given in § 44 we conclude: 


1) As 8-——> 0°, cot 8—> o. 

2) As 0 increases, cot 0 decreases. 
3) cot 45° = 1. 

4) As 0 —> 90°, cot 6 —> 0. 
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58. Graphs of the trigonometrical ratios. 

In Figs. 62, 53, 564 are shown the graphs of sin 0, cos 0 
and tan ΠΟΥ for angles in the first quadrant. The 
student should draw them himself, if possible, on squared 
paper, obtaining the values either by the τοὶ παρ methods 
suggested in Figs. 39 and 46 or from the tables. 


Fie, 53. 
Graph of cos 8. 


Fic. 62, 
Graph of sin θ 


59. Logarithms of trigonometrical ratios. 

Calculations in trigonometry are shortened and obtained 
more accurately by che une of tables giving the logarithms 
of sines, cosines and tangents. The advantage of their 
use can be illustrated by the following examples, 

Find the value of sin 57° x tan 24°. 

(1) We might proceed as follows. 

Let * = sin 57° x tan 24° 

= 0-8387 x 0-4452. 
Taking logs, log x = log (0-8387) + log (0-4452) 
vie oe hee = 18236 + 1-6486 
and then we proceed as usual. 
This method involves the use of two sets of tables. 
a) Tables of trigonometrical ratios. 
tS) Logarithms. 
Instead of thus using two sets of tables we can use the 
tables which give directly the logarithms of the trigono- 
metrical ratios. 


75 
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and so we reach the same conclusion as above in one step 


instead of two. 
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These are the tables at the end of the book 


74 


on account of the 
Conse- 


ents of angles less than 45° are less than unity. 
the characteristics of their logarithms are always 


8 
uently 


60. Characteristics of * logarithms of sines’, etc. 
The student may find some difficulty at first in using 
characteristics. As we have seen, all sines and cosines and 


these tables of logarithmic sines, etc., 


tan 


q 


| 
\ 


, headed, 


Logarithms of sines 
Logarithms of cosines 
Logarithms of tangents. 


tive (see § 38). 
can 


ne 


be dealt with in two ways: 
e characteristic may be printed in the first column, 


the tables in this book. 


(1) Th 


as in 


ΒΞ 4284868 >¢ 
ΠΗ 
22 ἢ MBE © 
oa gi2see 
ἘΞ Ε S28 oa 
3: ἘΠΩΣ 
as i 
=m ὦ SSau Ἑ Ὁ 
ΘΕ cegewedt 
358 π᾿ Te 
ᾧ ἡ ὃ EEL he 
sas ose Β αἰ αἰ 6 
845 ὃ 8. 58 
ἘΝ ΝᾺ gE 
ΤΗΣ 
aa beet δες δε 
ΞΕ ΘΘΈ ΞΕ ΣΕ ΩΣ 
ΕΞ ΣΕ ΞΞ9 8 
ΠΈΡΡΡΕΣΕΕΤΕ 
“Ὁ ΞΘ Ὁ. ἢ = 3% 
8 Ὁ RBM ὦ nS 33 
Ack Bags eee: 
"ἘΣ S882 £2 


= 
Tt 
" 


, since 


For example 


cosines and tangents. 


(see § 33) 


= 0 — log cos 0 
= — log cos 6 


sec § = - 4 
cos 6 


log sec 6 = log 1 — log cos 8 


Γ᾿ 
ΓΙ 
a 
= 
= 
a 
ΓῚ 
" 


+" SERRE 

an = 8 
=a 
aE 
a 
-n 
on 
ae 
ae 
a0 
BI 


ples on these 


ing to work exam 


— (log of its reci al). 
Note. Below Ρ 


tables the student is advised to revise § 39 in the chapter 


on logarithms. 


2 
Σ 
Ε 
é 
ξ 
8 
ὃ 
ἕ 
£ 


equal to 


ποτα 


elevation o 
how far am I 


guide boo 


In Fig. 55 let AB represent the tower and spire, 


oor 
ἊΝ 
2,83 
Eats 
seks 

oS 
oe 
S235 
gist 
223 
ὦ «58 
3 eos 5 
er 
= #38 


(2) The following is the solution of the above problem, 


using these tables. 


away from it? 


* = sin 57° x tan 24° 


log + = log sin 57° +- log tan 24° 
= 71-9236 + 1-6486 


AB = 260 ft. 


Let 
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Let O be the point of observation. 
We require to find OB. 
Let OB =x 
* yo 
.. # = 260 cot 11° (1) 
“, #* = 260 x 5-1446 
-. log x = log 260 + log 5-1446 
= 2-4150 + 0-7113 


= 3-1263 
= log 1338 
oe r= 13: 8 ft. approx. 
_A 
re) ate | 


Fic. 55. 


If logarithmic cotangents are used, then from (1) we get 
log * = log 260 + log cot 11° (or — log tan 1] 
= 2-4150 + 0-7113 , 9 
= log 1338 
“ @= 1338 ft. 
, Example 2. Find the value of 2sin@cos® when 
τὰ bees κε οἶς σι διά, 
en # = log 2 + logsin 6 + cos 6 
wit poet ‘7960 + 10695 


“. @ = 0-9757. 


Example 3. Find the value of 5 cot 4 when ὃ = 25-6, 
c= 11:2,A = δῦ, 


Since b= 25-6 
and gm 11-2 
. διε 36-8 

b—c= 14-4 


and 5. -- 57 + 2 = 28° 30’. 
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ὃ -- A 
Let x= F< cot 2 


Then s= ia cot 28° 30’, 


Taking logs, log x = log 14-4 + log cot 28° 30’ — log 36:8 
== ]1-8578 Ὁ. , 
= log 0-7206 
az = 0-7206 


Exercise 9 


1. From the tables ftnd the following: 
1) cosec 35° 24’, 4) sec. 53° δ΄. 
2} cosec 59° 45’. δ) cot 39° 42’, 
(3) sec 42° 37’. (6) cot 70° 34’, 
2. From the tables find the angle: 
1) When the cosecant is 1-1476. 
2) When the secant is 2-3443. 
3) When the cotangent is 0-3779. 


3. The height of an 1 iangle is 3-8 ins. and each 


of the equal angles is 52°. Find the lengths of the equal sides. 


4. Construct a triangle with sides 5 cms., 12 cms. and 
13 cms. in length. Find the cosecant, secant and tangent 
of each of the acute angles. Hence find the angles from the 
tables. 

5. A chord of a circle is 3 ins. long and it subtends an 
angle of 63° at the centre. Find the radius of the circle. 

. A man walks up a steep road the slope of which is 85, 

What distance must he walk so as to rise 100 ft.? 

7. Find the values of: 
et ee 
(a) 9.83 °°" 23°. 
(8) cos A sin B when A = 40°, B = 36°. 

8. Find the values of: 
a) sin? 6 when 6 = 28°. 
Hy 2 sec θ cot 6 when θ = 42°. 

Note, —sin? θ is the usual way of writing (sin 6)*. 
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9. Find the values of: 
(2) tan A tan B, when A = 53°, B = 29°. 


(b) osm 3 when a = δύ, ὃ = 27, B = 66°. 
10. Find the values of: . 
fa) sec? 43°, δὴ 2 cos? 28°. 
—n ᾿ sin 53° 27 
11. Find the value of: tan 68° 40” 


12. Find the value of cos? 0 — sin? 0. 
(1) When 6 = 37°25’, (2) When 6 = 59°. 


——— ὁὦοὦὮὦἪὦ 


-,..0  |339 x 26 
13. iten$ = ΠΕΣ ΞΕ find 6. 
14. Find the value of 2 sin 4 tS cos 4 — when 


A = 57 14’ and B = 22° 297, 
15. If = 228 find μ when 0 = 10° 25’ and = 28° Τ΄. 


16. If A = $ αὖ sin 0, find A when a= 28-5, b = 46-7 
and @ = 66° 17’. 


Some applications of trigonometrical ratios. 
61. Solution of right-angled triangles. 


_ By solving a right-angled triangle we mean, if certain 
sides or angles are given we require to find the remaining 
sides and angles. 

Right-angled triangles can be solved: 

{ By using the appropriate trigonometrical ratios. 
’ ὧν By using the Theorem of Pythagoras (see Theorem 9, 
We give a few examples. 

(a) Given the two sides which contain the right angle. 

To i this: 

0 > other angles can be found by the tangent ratios. 

(2) The hypotenuse can be found by using secants and 
cosecants, or the Theorem of Pythagoras. 

Example |. Solve the right-angled triangle where the sides 
containing the right angle are 15-8 ins. and 8-9 ins. 

Fig. 56 illustrates the problem. 

To find C, tanC = =, = 0-5633 = tan 29° 24, 

To find A, tanA = δ — 1.7753 = tan 60° 36 


These should be checked by seeing if their sum is 90°. 
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To find AC, 
(1) AC = V15-8? + 8-93 = 18-1 ins. approx., or 
(2) τῷ = cosec © 
”, AC = 89 cosecC 
log AC = log 8-9 + log cosec C 
== 0-9494 + 0-3090 
= 1-2584 
= log 18-13 
.. AC = 18} ins. approx. 
(b) Given one angle and the hypotenuse. 


Example 2. Solve the right-angled triangle in which one 
angle is ig 43’ and the hypotenuse is 6-85 ins. 


A 
85 
Β 13-8 Cc 
Fic. 56. Fic, 57. 
In Fig. 57 C = 27° 43’ : 
ν = 90° -- C = 90 — 27° 43’ 
= 62° \7’. 


To find AB and BC 
AB = AC sin ACB 
= 6-85 x sin 27° 43’ 
== 3°19 ins. 


BC = AC cos ACB 
= 6°85 x cos 27° 43’ 
= 6-06 ins. 
These examples will serve to indicate the methods to be 
adopted in other cases. 
(c) Special cases. 
(1) The equilateral triangle. 
In Fig. 58 ABC is an equilateral triangle, AD is the 
Perpendicular bisector of the base. 
It also bisects 2CAB (Theorem 3, ὃ 11). 
., L£DAB = 80 
and ZABD = 60° 
Let each side of the A be a units of length. 
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Then DB = ; 


’. AD = VAB*— DB (Theorem 9) 


Note.—The ratios for 30° can be found from those for 60° 
by using the results of §§ 48 and 53. 

(2) The right-angled isosceles triangle. 

Fig. 59 represents an isosceles triangle with AC = BC 
and ZA CB = 90°. 

Let each of the equal sides be ὦ units of length. 
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Then AB* = AC* + BC* (Theorem 9) 


= αἴ + qi 
= 243 
* AB=av2 
ἐμὴν ἣν da ee ee ik ee 
Te CA, aa cae 
) ee i TE soi st 
at AB av2 vi 
tan 45° = 20 =o = I 


It should be noted that AABC represents half a square 
of which AB is the diagonal. 


62. Slope and gradient. 

Fig. 60 represents a side view of the section of a path AC 
in hick AB represents the horizontal level and BC the 
vertical rise. 


Fic. 60. 


LCAB, denoted by 0, is the angle between the plane of the 
path and the horizontal. 
Then ZCAB is called the angle of slope of the path or more 
briefly ZCAB is the slope of the path. 
| CB 
Now tan §@ = AB 
This tangent is called the gradient of the path. 
Generally, if 6 be the slope of a path, tan 0 is the gradient. 
A ient is frequently given in the form 1 in 55, and in 
this form can be seen by the side of railways to denote the 
gradient of the rails. iis means that the fangent of the 
angle of slope is ὡς. 
en the angle of slope is very small, as happens in the 
case of a railway and most roads, it makes little practical 


difference if instead of the tangent (25 in Fig. 60) we take 


a4 i.e. the sine of the angle instead of the tangent. In 
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—— also it is easier to measure AC, and the difference 
lly this and AB is relatively small, provided the angle 
is small, 

If the student refers to the tables of tangents and sines 


will see how small is the differences between them for 
small angles. 


63. Projections. 


In Chapter I, § 22, we referred to the projection of a 
straight line on a plane. We will now examine this further. 

bg nage of a straight line on a fixed line. 

In Fig. 61, let PQ be a straight line of unlimited length, 
and AB another straight line which, when produced to meet 
PQ at O, makes an angle 6 with it. 3 


ΕἼ A and B draw perpendiculars to meet PQ at E 
an we 

Draw AC parallel to EF. 

EF is called the projection of AB on PQ (§ 22). 


Now ZLBAC = /BOF =6 (Theorem 2) 
and EF = AC | 
Also AC = AB cos 6 (§ 47) 


“᾿, EF = ABcos6, 


‘3 ἣν Ἵ εἶ poe aged ae. veeee A necessary, makes an 

angle 6 with ano st ine, the length of its ject 

on that ss μᾷ line ts AB ioe 6. ἘΠ Fee 
It should be noted in Fig. 61 that 


BC = AB sin 6 
From which it is evident that if we. draw a straight line 


at right angles to PQ, the projection . 
sivateht my agg ine projection of AB upon such a 


ee 


| 
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Exercise 10 
General questions on the trigonometrical ratios. 

1. In ἃ right-angled triangle the two sides containing the 
right angle gre 2344 ins. and 16-4 ins. Find the angles and 
the hypotenuse. 

2. Ina triangle ABC, C being a right angle, AC is 12-2 ins., 
AB is 17-5 ins. Compute the angle B. 

3. In a triangle ABC, C =! If A=37T 2)’ and 
ὃ = 91-4, find a and ὃ. 

4. ABC is a triangle, the wip, = C being a right angle. 
AC is 21-32 ft., BC is 12-56 ft. Find the angles A and B. 

5. In a triangle ABC, AD is the perpendicular on BC: 
AB is 3-26 ft., B is 55°, BC is 4-68 ft. Find the length of 
AD, Find also BD, DC and AC. 

6. ABC is a right-angled triangle, C being the right angle. 
If a = 378 ft. and ὁ = 643 ft., find A and ὃ. 

7. A ladder 20 ft. long rests against a vertical wall. By 
means of trigonometrical tables find the inclination of the 
ladder to the horizontal when the foot of the ladder is: 

(1) 7 ft. from the wall. 

(2) 10 ft. from the wall. 

8. A ship starts from a point O and travels 18 miles per 
hour in a direction 35° north of east. How far will it be 
north and east of O after an hour? . 

9. A pendulum of length 20 cms. swings on either side of 
the vertical through an angle of 16°. rough what height 
does the bob rise? j 

10. If the side of an equilateral triangle is x ins., find the 
altitude of the triangle. Hence find sin 60° and sin 30°. 

11. Two straight lines OX and OY are at right angles to 
one another. A straight line 3-5 ins. long makes an angle of 
42° with OX. Find the lengths of its projections on OX 
and OY. 

12. A man walking 500 yards up the line of greatest slope 
of a hill rises 94 ft. Find the gradient of the hill. 

13. A ship starts from a given point and sails 15-5 miles 
in a direction 41° 15’ west of north. How far has it gone 
west and north respectively? 

14. A point P is 144 miles north of Q and Q is 9 miles 
west of R. Find the bearing of P from R and its distance 
from R. 


CHAPTER IV 


RELATIONS BETWEEN THE TRIGONOMETRICAL 
RATIOS 


64. Since each of the trigonometrical ratios involves two 
of the three sides of a right-angled triangle, it is to be 
expected that definite relations exist between them. These 
relations are very im] t and will constantly be used in 


further work. most important of them be ed 
in this chapter. ὡς ὡς: 
εἷ'ἷηθ 
tan 0 = τος δ᾽ 


Ο 


Fic. 62. 


Then 1 _A4c 
and 


« cos0 Β΄ AB 


Sey = tan 8. (1) 


ἊΨ cos θ 
Similarly we may prove that cot θ = ind 


84 


RELATIONS BETWEEN THE RATIOS 85 


65. sin’? 6 + cos? 0 = |. 


From Fig. 62 
AC? + ΒΟ" = AB* (Theorem of Pythagoras, § 14) 

Dividing throughout by 4.85 

we get ta + a =] 
“. (sin 6)? + (cos 0)? = 1 
or as usually written 
sin? @ + cos*@ = | (2) 

This very im t result may be transformed and used 
to find either of the ratios when the other is given. 

Thus sin? 8 = 1 — cos? 0 


ee sin θ᾽ = VI — cos? ὃ 


Similarly cos § = V1 — sin? 6 
Combining formulae (1) and (2) 
sin 0 
tan 0 = cos 0 
becomes tan θ = — = | 
] — sin? 
This form expresses the /angent in terms of the sine only. 
It may similarly be sarecieed tt terms of the cosine 
v1 — cos? 6 
thus tan 9 = we: ἵὕγἷ« 
66, | + tan? 6 = sec? 0 


| + cot? 6 = cosec? 6 


Using the formula sin? 8 + cos?§ = 1 


we get ap ti= — 
”, tan?6+ | = sec? 6 
Again, dividing throughout by sin 38 
: cos? 6 Ι 
Ἐν l + Gn? 6 ~ sin 
”. | + cot? 6 = cosec? 6. 
We may also write these formulae in the forms 
tan? 0 = sec? 9 — ] 
and cot? § = cosec* @ — 1. 
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Using these forms we can change tangents into secants 
and cotangents into cosecants and vice versa when it is 


necessary in a given problem. 
Exercise || | CHAPTER V 
5. τέ οἷα One pr sy ο- Ο.δ780 Διά cos θ = 0-8192. TRIGONOMETRICAL RATIOS OF ANGLES IN THE 
8. Pind sin @ when cos 0 = 0-47. SECOND QUADRANT 
&, iene 9 = 1-s0ed tind ten gh ea | 67. In Chapter III we dealt with the trigonometrical ratios 
6. Find cosec @ when cot@ = 05774. ‘| οἵ acute angles, or angles in the first quadrant. It will be 
7. If cot @ = 1-63, find cosec 0, sin θ and cos 0 | remembered that in Chapter I, § 5, when considering the 
8. If tan6 = ὁ find expressions for sec 0 sos 0 and sin ὃ | meaning of an angle as being formed by the rotation of a 
in terms of f. 7 a Se Se ee | straight line from a fixed position, we saw that there was no 
9. If cos a = 0-4695, find sin « and tan « | limit to the amount of rotation and consequently angles 
10, Prove that tan 0 + cot 0 = sec θ cosec 0, } could be of any magnitude. 


We must now consider the extension of trigonometrical 
ratios to angles greater than aright angle. At the present, 
however, we shall not examine the general question of 
angles of any magnitude, but confine ourselves to obtuse 
angles, or angles in the second quadrant, as these are 
necessary in many practical applications of trigonometry. 
68. Positive and negative lines. 

Before ing to deal with the trig etrical ratios 
of obtuse angles it is necessary to consider the methods by 
which we distinguish between measurements made on a 
straight line in opposite directions, These will be familiar 
to those who have studied co-ordinates and graphs, It is 
desirable, however, to revise the principles involved before 
applying them to trigonometry. 


emery δν 0 Fer 


Fic. 63. 


Let Fig. 63 represent a straight road XOX’. Ὁ 
If now a man travels 4 miles from O to P in the direction 
he ; A 
OX and then turns and travels 6 miles in the opposite 
| direction to P’, the net result is that he has travelled 
| (4 — 6) miles, 1.6. — 2 miles from O. The significance of 
| the negative sign is that the man is now 2 miles tm the opposite 
| direction from that in which he started. 
87 
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In such a way as this we arrive at the convention by _ 


which we to use + and — sign indica: i 

directions. τος + signs to indicate opposite 
now we consider two —s ht lines at right angles to o 

another, as X’OX, ΥἹΟΥ͂, in Fig. 64, sack δὲ te ea ee 


co-ordinates and graphs, we can extend to these the con- 
ij 


ventions ey for 
one straight line as 
indicated above. 
The lines OX, OY 
are called the ares 
of co-ordinates. OX 
measures the x-co- 
ordinate, called the 
abscissa, and OY 
measures the y-co- 
ph iy pew the 
ordinate. Any point 
P (Fig. 64), has a 


pair ot co-ordinates 
(5, y). Each pai 
y! determines a unique 
Fria, 64. peal nal 
; . area ὦ e 

diagram, Fig. 65, is considered to be divided into ἢ 
quadrants as shown. Values of x measured to the sahil aes 

¥. 
“ΦῈ δι ν᾽ Ist. quad. 
P, 
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+ ve, and to the left are — ve. Valnes of y measured up- 
wards are -+ ve, and downwards are — ve. This is a uni- 
versally accepted convention. | 

P, lies in the first quadrant ane N, is the foot of the 
perpendicular from P, to OX. ON, is in the direction of 
OX and is + ve; N,P, is in the direction of OY and is + ve. 
pa the i aires of any point P, in the first quadrant 
are (+, +). 

P, lies in the second quadrant and N, is the foot of the 

--- 

perpendicular from P, to OX. ON, is in the direction of 
—- —_—+ 
XO and is — ve; N,P, is in the direction of OY and is + ve. 
Thus the a τα κῦρος, of any point P, in the second quadrant 
are (—, +). 

Similarly the co-ordinates of P, in the third quadrant are 
(—, —), and of P, in the fourth quadrant are (+, —). 

At present we shall content ourselves with considering 
points in the first two drants. The general problem for 
all four quadrants is discussed later (Chapter XI). 


69. Direction of Rotation of Angle. 

The.direction in which the rotating line turns must be taken 
into account when Reo HYD, the angle itself, 

Thus in Fig. 66 the angle 4OB may be formed by rotation 


πο. aed direction 


“ 
~ -—=wve direction 


Fra. 66. 


in an anti-clockwise direction or by rotation in a clockwise 
direction. 

By convention an anti-clockwise rotation is positive and a 
clockwise rotation is negative. 
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Negative angles will be considered further in Chapter XI. We have already decided on a sign convention for the 
In the meantime, we shall use positive angles formed by _ root, so OB is + ve. 

anti-clockwise rotation. | Now the sides required to give the ratios of 7. XOB are the 

| | oe ‘| same as those needed for its supplement ZEOB. The only 

70. The Sign Convention for the Hypotenuse. | change which may have taken place is in the sign prefixed to 


Consider a point A in the first quadrant. Draw AD | _ the length of a side. OD (+ ve in Fig. 67) has become ΘΕ 
perpendicular to X’OX meeting it at D (Fig. 67). (— ve in Fig. 68). 
A Thus we have the following rules: 


ACUTE ANGLE | OBTUSE ΜΝ 


| | Fic. 69. 
Fic. 67. ᾿ __ We see this at once by combining lig. 67 and ΕἾρ, 68 into 
OD is + ve and DA is + ve, The angle XOA = angle Fig. 70. 


DOA, which is acute. B 4 
Also OA*=OD!-+ DA? ) 
= (+ ve)* + (+ ve)* = +- ve quantity 
= a* (say where ὦ 15 + ve) 
Now the equation 0A* = αὐ has two roots OA =a or 


OA = — α, so we must decide on a sign convention. IVe 
lake OA as the + ve root. 


Now consider a point B in the second quadrant. Draw 


BE perpendicular to X’OX meeting it at E (Fig. 68). Fic. 70. 
2-9 see τρτονιίσσυν a ἡ 
sin AOA = Ὁ + (see footnote) 
it a it 
nee ee ee = = + 
22 REM is) Rt 
Oe Pt ἀῳδιστος = + 
OE το 
Fie. 68. | DA + 
3 tare NO sec eee ie ea 
OE is — ve and EB is + ve, The angle XOB (= 180° — | OD + 
angle EOB) is obtuse. tan XOB = Pepa ee 
Also OB* = OE* + EB? » ΟΕ. “ease i 
Ξε ‘ay = + (+ ve)? Note.—We use here the abbreviations - and — to stand 
= (+ ve) + (+ ve) = +ve quantity. | for a positive quantity and a negative quantily respectively. 
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Further, by making AOBE = AOAD in Fig. 70 and 
using the rules we see that 


sine ofan angle = sine of its supplement 
cosine of an angle = — cosine of its supplement 
tangent of an angle = — tangent of its supplement. 


These results may alternatively be expressed thus: 


sin 6 = sin (180° — 6) 
cos 0 = — cos (180° — 6) 


tan § = — tan (180° — 6). 
é.g. sin 100° = sin 80° 
cos 117° = — cos 68 
tan 147° = — tan 33° 


The reciprocal ratios, cosecant, secant and cotangent will 
have the same signs as the ratios from which they are 
derived. 

cosecant has same sign as sine 
secant has same sign as cosine 
cotangent has same sign as tangent, 


é.g. cosec 108° = cosec 72° 
sec 121° = — sec 59° 
cot 154° = — cot 36° 


71. To find the ratios of angles in the second quadrant from 
the tables. 

_As will have been seen, the tables of trigonometrical ratios 
give the ratios of angles in the first quadrant only. But 
each of these is supplementary to an angle in the second 
quadrant. Consequently if a ratio of an angle in the second 
quadrant is required, we find its supplement which is an 
angle in the first quadrant, and then, by using the relations 
between the two angles as shown in the previous raph 
we can write down the required ratio from the tables. 

Example |. Find from the tables sin 137° and cos 137°. 
We first find the supplement of 137° which is 
180° — 137° = 43°, 
ἦς by § 70 sin 137° = sin 43°, 
From the tables sin 43° = 0-6820 
-. sin 137° = 0-6820. 
cos 06 = — cos (180° — 6) 
-. cos 137° = — cos (180° — 137% 
= — cos 43° 
= — 0-7314. 


Again 
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Example 2. Find the values of tan 162° and sec 162°, 


trom the above tan §@ = — tan (180° — 0) 
“. tan 162° = — tan (180° — 162°) 


= — tan 18° 
= — 0-3249. 
Also sec § = — sec ΤᾺ — 6) 
“. sec 162° = — sec (180° — 162°) 
= — sec 18° 
= — [0515 


72. Ratlos for 180°. 


These can be found either by using the same arguments as 
were eyes in the cases of 0° and 90° or by applying the 


above relation between an angle and its supplement, 
From these we conclude 
sin 180° = 0 
cos 180° = — | 
tan 180° = 0, 


73. To find an angle when a ratio is given. 

When this converse problem has to be solved in cases 
where the angle may be in the second quadrant, difficulties 
arise which did not occur when dealing with angles in the 
first quadrant only. The following examples will illustrate 
these. 

Example |. Find the angle whose cosine ts — 0.5577. 

The negative sign for a cosine shows that the angle is in 
the secona quadrant, since cos §@ = — cos (180° — 0). 

From the tables we find that 

. cos 56° 6 = + 0-5577, 
“ the angle required is the supplement of this 
i.e. 180° — 56° 6 
== 123° 54’. 
Example 2. Find the angles whose sine + 0°-9483. 


We know that since an angle and ils supplement have 
the same sine, there are two angles with the sine + 0-9483, 
and they are supplementary. 

From the tables sin 71° 30’ = + 0-9483. 

*, Since sin 6 = sin (180° — θ) 
sin 71° 30’ = sin (180° — 71° 30’) 
= sin 108° 30’. 

There are therefore two answers, 71°30’ and 108° 30’, 
and there are always two angles having a given sine, one in 
the first and one in the second quadrant. Which of these 
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is the angle required when solving some problem must be 
determined by the special conditions of the problem. 


Example 3. Find the angle whose tangent is — 1-3764. 


Since the tangent is negative, the angle required must lie 
in the second quadrant. 
From the tables 

tan 64° = + 1]-3764 


and since tan 0 = — tan (180° — 6) 
“. — 13764 = tan (180° — 54°) 
= tan 126°. 


74. Inverse notation. 


The sign “ tan~! — 1-3674"" is employed to signify “ the 
angle whose tangent is — 1-3674 
And, in general 
sin-! x means “' 
cos"* * means 


the angle whose sine is x” 
“ the angle whose cosine is x", 
etc. 
Three points should be noted. 
(1) sin! x stands for an angle : thus sin? ἢ = 30°, 
2) The “ — 1” is not an index, but merely a sign to 
denote inverse notation. 
(3) (sin x)! is not used, because by § 31 it would mean 
the reciprocal of sin αὶ and this is cosec x. 


75. Ratios of some important angles. 


We are now able to tabulate the values of the sine, cosine 
and Cangente of certain angles between 0° and 180°. The 
table wi!l also state in a convenient form the ratios of a few 
τὸ abe ἘΠῚ bisa should be memorised. 


Decreasing and Positive. 


v3 


1 
2 | /2| 2 
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76. γι’ πῇ of sine, cosine and tangent between 0° and 


The changes in the ratios of angles in the first and second 
quadrants are made clear by drawing their graphs. This 


TTTILTIILILLLLIEILLLUILILLIIILTILELoeeici 
Ι ΓΙΓΤΤ ΓΤ ΓΓΤΡΡ Less LITT TTT 
ΓΕΓΕΕ ΡΡΗΗ Sees eee 


ΓΙΓΓΓΓΓΓΡΙΓΓΓΓΓΓΓΓΓΓΓΈΓΓΓΓΓΙ 
PCC ALCL ELLE 
ΓΓΓΓΓΨΥΙ͂ ΓΓΓΓΓΓΙΙΙΓΓΙΓΓΓΙΓΈΝΓΓΓΓΙ 
BREE ARSE ER EERE ee ΠΤ A 
PTTL LEME LE LE 
20500 2O008 CRs Se 
52008 BESS e Pe ee 
(S000 Se a 


60 90° 120° 150° 180 
Fic. 71. Sm 6. 


ἕἰ 
wi 
o 

Γ 


may be done by using the values given in the above table 
or, more accurately, by taking values from the tables. 

An inspection of these graphs will illustrate the results 
reached in § 73 (second example). 


JET 
EEE 
So 


Seam 

1 Bane 

| TILL 

Baas BERBERS 1 1 1] 

_) EEEEEEEEEEE HEH 
Fic, 72. Cos 6, 


_ It is evident from Fig. 71, that there are two angles, one 
in each quadrant with a given sine. 
Froni ign. 72 and 73, it will be seen that there is only one 
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angle between 0° and 180° corresponding to a given cosine 
or tangent. | 


ΓΓΤΤΤΥΤΥΤΤΤΥΤΥΙΤΊΓΤΕΤΤΥΤΤΤΤΤΤΙΤΤΤΙ͂ 
| 22S ΤΙ ΓΤ ee 
ΒΕ ΕΣ ΤΥ Sree Heel ESHER 
SERRE EREER EE Lee ee Seen ee 
oo ee ee anne toh ΓΕΤΤ 
ΒΕ Ἡ Βθ αἱ ΝΙ δὲ τῖσαι call bee 


ΤῈ ΒΕΙΗΙ ἘΠΕῚ ies 
“2b Sar μι}... as 


ΓΓΓΕΓΣΓΕΙΓΓΤ LT 
ΓΓΓΓΓΙΤΤΤΙΤΤΤΥΤΤΤΕΤΕΓΓΤΤΤΥΓΓΤΙΤΙΤΙ 


Fic. 73. Τὰν 0. 


Exercise [2 
1. Write down from the tables the sines, cosines and 


tangents of the following angles: 
a) 102°, - is 149° ὅν (c) 109° 28’, 
Ἢ 145° 16’. δ) 164°3 
2. Find 0 when: 


“) sin θ = 0-6508. 
sin θ = 0-7122. 


i, sin 6 = 0-9126. 
c) sin θ = 0-3469. 
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3. Find the angles whose cosines are: 
ω -- 0-4540, Ἂ -- 0-8131. (c) — 0-1788. 
— 0-9354, δ) — 0-7917. — 0-9164. 
4. Find 0 when: 
" tan 0 = — 0-5543., 
tan 0 = — 2-4383. 
(6) tan® = — 00-7149, 
5. Find the values of: 
(a cosec 154°. 
c) cot 163° 12, 
6. Find 0 when: 
sec § = — 1-6514., 


(ὃ) tan®d = — 1]-4938. 
(ἃ) tan@ = — 1-7603. 
(ἢ tan @ = — 1-1757. 


(Ὁ) sec 162° 30’. 


(b) sec θ = — 2-1301, 
d) cosec § = 2-4586, 
cot τὸ — 0-3819. 


= 150°, B = 163° 17’. 


ΟἹ cosec 0 = 1-7305. 
fe) cot6@=— — “> ry 
7. Find the value of [35 nae when A = 


8. Find the values of: 
@) sin“! 0-9336. 
d) tan~! 1-3764. 


δὴ) cos! 0-4226. 
d) cos"! — 0-3907. 
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Again sin (A + B) = sin XOZ 


aa 
OP 
LP 
CHAPTER VI -Ὦ ὁπ 
TRIGONOMETRICAL RATIOS OF COMPOUND = δῷ +2 
ANGLES MN PR 
= OP + op 
77. Wer often need to use the trigonometrical ratios of the OP 
sum or difference of two angles. If A and B are any two a (oy κ ap) 4 (= “ op) 
angles, (4 +B) and (4 —B) are usually called com- OM ~™ OP PM “ OP 
pound angles, and it is convenient to be able to express = sin A cos B + cos A sin Β. 


their trigonometrical ratios in terms of the ratios of A and B. 

The beginner must beware of thinking that sin (A + B) 
is equal to (sin A + sin B). He should test this by taking 
the values of sin A, sinB, and veh +B) for some 
particular values of A and B from the tables and comparing 
them. 


78. We will first show that: 
sin RB porbeey σας Ἰαβρετὸν ὑπέρ: 

and cos (A + B) = cosA cosB — sin A sinB 
To simplify the proof at this stage we will assume that 
A, B, and (A +.) amo 6} Scare Ono 
e 


The student is advised to mak own diagram step by 
step with the following construction. 
Construction. ᾿ Fic. 74, 
Let a staight line —- from a position on a fixed , 
line OX trace out (1) the angle XOY, equal to A and YOZ Note the device of introducing a and oP each of 


equal to B (Fig. 74). pew Je ἴ 
Then LXOZ = (A +B) ie Adnin unity, into the last line but one. 


In OZ take any point P. cos ΒΔ κα 
Draw PQ perpendicular to OX and PM perpendicular to (4 + B) = cos ΧΌΖ 


From M draw MN perpendicular to OX and MR parallel _ ON 
to OX. balk ae 
Then MR =QN ΟΝ NO 
ZRPM = 90° — ZPMR ON R 
=F) _ON _RM 
But £RMO = aan (Theorem 2, § 9) vo Ἢ RM PM 
oie aod = (om * op) - (px * oP) 


98 = cos 4 cos B — sin A sin ΗΠ. 


100 TEACH YOURSELF TRIGONOMETRY 


79. We will next prove the corresponding formulae 
for (A — B), viz.: 
sin (4 — B) = sin A cos B — cosA sinB 
μονῇ, εὔμα — ΒῚ =cosA cosB + sin A snB 
Construction. 
Let a straight line ταν τὶ from a fixed position on OX 
describe an angle XOY, to A, and then, rotating in an 
se direction, deaeeibe an angle ΥΟΖ, equal to B 
(Fig. 75). 


Then XOZ =A — Β. 

Take a point P on OZ. 

Draw ayer ped toOXandPM perpendiculartoOY. 

From raw MN pape to OX and MR parallel 
to OX to meet PQ γὐδξ ὡς. 


Proof 7RpM = 90" -- ZPMR 

= ZRMY (since PM is perp. toO 
= LYOX (Theorem 2, § 9 
= A. 


ἐν ΜΝ _ OM\ RP PM 
= (a7 * oP, - (pi * Gp) 
= sin A cos B — cos A sin B. 
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β cos (A — ΒῚ = cos XOZ 


_ ON ἘῸΝ 


ON ΟΝ 

= OP * OP 

ON , RM 
= op t 

= (om * OP) + (Paz * oP) 


= cosAcosB+sinAsinB 


80. These formulae have been proved for acute angles 
- but they can be shown to be true for angles of any 
They are of great importance. We collect them for 
por A 
sin (A + B) = sin Acos B + cosA sinB Ἢ 
cos (A + B) = cos A cos B — sin A sin Β 
9 > B) = sin Acos B — cosA sin B 
cos (A — B) = cosAcosB+ sin AsinB (4) 


81. From the above we may find similar formulae for 
tan (A + B) and tan (Ad — B) as follows: 


tan (A +B) = εἰς (4. Ὁ 8) 
_ sin cos B + cosA sinB 
cos A cos 8 — sind sinB 


Dividing numerator and denominator by cos A cos B 
sinA cosB | cosA sinB 
cos A cosB * cosd cos B 
cosad cos = sina sin 
cos 4 cos B oes cos B 
55. 4 
ἰ - 5 ai 
pate 
1 tan 
“, tan(A +B) = τεσ τὴν een 
Similarly we may show 
tanA —tanB 


tan (A — ἢ = TF and anB 
with similar formulae for cotangents. 


we get tan (A + B) = 
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82. Worked Examples. 
Example |. U'sing the values of the sines and cosines of 
30° and 45° as given tn the table in ὃ 75, find sin 75°. 
Using 
sin (4 +B) = sin A cosB + cosA sinB 
and substituting 
A=45,B= 80 | 
we have —_ sin 75° = sin 45° cos 30° - cos 45° sin 30° 
yi 5: 1 
(Fe x 3) + (V5 * 3) 
2Vv2° ὅν 
_ v5 +1 
2v2 " 
Example 2. If cosa=0-6 and cosB = 0-8, find the 
values of sin (a + 8) and cos (a + 8), without using the 


We must first find sine and sin 8. For these we use the 
results given in § 65. 


sina = V1 —cos*a 
Substituting the given value of cosa 
sina = VI — (0-6)! 
= V1 — 0:36 
= V0-64 
= 0-8, 
Similarly we find sin 8 = 0-6, 
Using sin (A + B) = sin A cosB + cosA sinB 
and substituting we have 
sin (a + β) = [08 x 0-8) + (0-6 x 0-6) 
τ ΡΝ 
Also cos (a + β) = 008 α (08 β --- sinasin β 
= Ὁ" x 0-8) — (0-8 x 0-6) 


Obviously a -+ § = 90°, since cos 90° = 0, 
.. aand β are complementary. 
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Exercise [3 
1. If cosA = 0-2 and cosB = 0-5, find the values of 
sin (A + B) and cos (A — B). 
2. Use the ratios of 45° and 30° from the table in § 76 
to find the values of sin 15° and cos 75°. 
3. By using the formula for sin (4A — B) prove that: 
sin (90° — 6) = cos 6. 
4. By means of the formulae of § 80, find sin (4 — B) when 
sin B = 0-23 and cosA = 0-309. 
5. Find sin (A + B) and tan (A + B) when sinA = 0-71 
6. Use the formula of tan (A -+- B) to find tan 75°. 
7. Find tan (4 + 8) and tan (A — B) when tanA = 1-2 
8. By using the formula for tan (A — B) prove that 
tan (180° — A) = — tanA. 
9. Find the values of: 
(1) sin 52° cos 18° — cos 52° sin 18°. 
(2) cos 73° cos 12° +- sin 73° sin 12°. 
eet tan 52° + tan 16°. 
10. Find the values of: (@) T — tan 6@ tan 16” 
(δ) tan 64° — tan 25° 
1 + tan 64° tan 25° 


11. Prove that sin (@ + 45°) = a (sin 0 +- cos 0). 


12. Prove that tan (0 + 45°) = ont ΕἸ 


83. Multiple and sub-multiple angle formulae. 
From the preceding formulae we may deduce others of 
great practical importance. 
From § 78 sin (A + B) = sinA cos B + cosA sin B, 
There have been no limitations of the angles. 


= B= A. 
Substituting 
sin 2A = sin A cosA + cosA sind | 
or sin2A4 =2sinAcosA (1) 
If 2A be replaced by 0 
then sin 90 = 2sin 5 COS 5 (2) 


We may use whichever of these formulae is more con- 
venient in a given problem. 
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Again cos(A -+- B) = cos A cos B — sin A sin B 
Let B= 4, 

then cos 2A = cos? A — sin? A (4) 


This may be transformed into formulae giving cos A or 
sin*A interms of 3,4. 


Since sin’? A + cos*dA = 1 (§65) 
then sin? A = 1 — cos? A 
and cos? A = |] — sin*<A 
Substituting for cos* A in (4) 
cos 2A = | — 2sin*° A (5) 
Substituting for sin? A 
cos 2A = 2 cos? A — | (6) 
No. 5 may be written in the form: 
1 — cos 2A = 2 sin’ A (7 
and No, 6 as 1 + cos 2A = 2cos*A Ἢ 


These alternative forms are very useful. 
Again, if (7) be divided by (8) 
1 — cos 24 ὦ sin? A 
1+cos2A cos? A 
1 — cos 2A 


ai ar AS Trost (9) 
If 2A be replaced by 6, formulae (4), (5) and may be 
eine alee. (4), (6) and (6) may 
cos θ = cost 5 — sin® § (10) 
cos 0 = 1 — 2sin*3 (11) 
cos 0 = 2cos* 5 — 1 (12) 
84. Similar formulae may be found for tangents. 
Since tan (4 +B) = pea thnk 
LettB=A | 
or replacing 2A by 0 
2 ἰλπ ὃ 
tan -Ξ- oes (14) 
1 — tan*s 
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Formula (11) above may be written in the form: 
sin* 5 = }(1 — cos 0) 


It is uently used in Navigation. 

ee og called the versed sine of 0 
a (1 — sin 6) is called the coversed sine of 6. ) 

4(1 — cos 9) is called the “ haversine”, 1.6. half the 
versed sine. 

85. The preceding formulae are so important that they are 
collected here for future reference. 

1) sin (A + B) =sinA cosB + cos A sin B 
2) sin (A +3 = sin A cos B — cosA sinB 
3) cos (A + B) = cosA cosB — sind snB 
4) cos (. +3 = cos A cosB ἜΗΙ sin Β 
: tan A + tan 
(5) tan (4 + 5) = | — ‘tan 4 tan B 

7 tan A — tanB 

(6) tan (A — B) = 74am tan δ᾽ 
7) sin 2A = 2sin A cosA 
ts cos 2A 


= cos?A — sin? A. 
= Ἶ — 2sin?A 

= 2cos?'A — 1 

: 2 τ8η A 


These formulae should be carefully ee Varia- 
tions of (7), (8), (9) in the form 6 and 5 should also be 
remembered. 

Exercise 14 


1. Ifsin A = ἢ, find sin 2A, cos 2A an] tan 24. 

2. Find sin 26, cos 20, tan 20, when sin 0 = 0-25. 

3. Given the values of sin 45° and cos 46° deduce the 
values of sin 90° and cos 90° by using the above formulae. 

4. Ifcos B = 0-66, find sin 2B and cos 2B. 

δ. Find the values of (1) 2 sin 36° cos 36°. 

(2) 2 οοϑ 36° — 1. 

6. If cos 2A = ὃ, find tan A. 

(Hint.—Use formulae of § 83.) _ 
7. Prove that sin 5 = ἐ I — cos @ 
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8. If cos 0 = }, find sin - and cos 4 
(Hint.—Use the results of the previous question.) 


9. If 1 — cos 20 = 0-72, find sin 6 an of 
the tables. nd sin Ὁ and check by using 


10. Prove that cost 0 — sint 6 = cos 20. 
(Hint.—Factorise the left-hand side.) 


11. Prove that (sin Ὁ -+- cos 3) — ]1=sin 0. 


12. Fina , | 1 — cos 30° 
ind the value of 1 + cos 30°" 
(Hint.—See formula of § 83.) 


86. Product formulae. 
The formulae of § 80 give rise to another set of results 


involving the product of trigonometrical ratios. 
We have seen that: a Ἢ 


sin + B) = sin A cosB + cosA sinB L 
sin (4 — B) = sin A cos B — cosA sin B 2) 
cos (A -+- B) = cosA cos B — sin A sinB (3) 


cos (A — ΒῚ = cosA B + si i 
Adding ἢ and fe} cosd cos 8 + sin A sinB (4) 
sin A B - i =a? == i 
Subtracting (A + B) +sin (A — B) = 2sin A cosB 

sin (A + B) —sin (A — B) = ! Ϊ 

Adding (3) uf ve ) —sin ( B) = 2cosA sin Β 

_. _©os(A +B) + cos (A — B) = 2cosA cosB 
Subtracting 
cos (4 -+- B) — cos (A — B) = — 2sin A sinB 
Νὴ ὦ: can be written in the forms 
sin A cos B = sin (A + B) + sin (A — B) 5 
2 cos A sin B = sin (A + B) — sin (A — B) ( 
2 cos A cos B = cos (A +- B) + cos A — B) (7 

sin sin Β τ cos (A — B) ~ Cos (A + B) (8 

ote.—The order on the right-ha i | δ 
brent er rig nd side of (8) must be 


87. 
Let A+B=P 
and : ὧν fe: 
Adding _ 24 = -Ἔ 
4«--Ἐτο 
ῳ 9 
Ba i = 
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Substituting in (5), (6), (7) and (8) 


sinP +sinQ =2sin . as 2 cos 2 (9) 


sinP —sinQ = 2 cos Pt? sin £72 (10) 


cos P + cosQ = 2cos +2 os Ἐπ 9 (11) 
cos Q — cosP = 2sinE +2 inf SP (12) 


The formulae (5), (6), (7), (8) enable us to change the 
product of two ratios into a sum. 

Formulae (9), (10), (11), (12) enable us to change the sum 
of two ratios into a product. 

Again note carefully the order in (12). 
88. Worked examples. 

Example |. Express as the sum of two trigonometrical 
vatios sin 50 cos 30. ἃ 

Using 2 sin A cos B = sin (A + ΒῚ - sin (A — B) 
on substitution 

sin 50 cos 30 = } {sin (59 +- 30) + sin (50 — 36)} 
= } {sin 89 + sin 20} 


Example 2. Change into a sum sin 70° sin 20°. 
Using 
2sin A sin B = cos (A — B) — cos (A + B) 
on substitution 
sin 70° sin 20° = } {cos (70° — 20°) — cos (70° + 20°)} 
= ὦ (008 50° — cos 90°} 
ipa since cos 90° = 0. 
Example 3. Transform into a product sin 25° + stn 18°. 
Using , 
sin P Ἐ sing = 3 οη΄ ἘΦ. Ἐπ 9 
o ° ὃ 499 
sin ὅδ᾽ +. din 18° «= 3 cin ἢ Ὁ + ᾿Ξ cos 5. Ξ-" 
= 2 βίη 21° 30’ cos 3° 30’. 


Example 4. Change inio a product cos 80 — cos 70, 
Using | 
cosQ — cos P = 2sint +2 sin 2 
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on substitution 
cos 39 — cos 70 = 2 sin ὅν ὁ Τὸ 70 — 89 


2 
= 2 sin 50 sin 20. 


Exercise [5 


Express as the sum or difference of two ratios: 


00 3 ὧι μὰ 09 εὖ μα 


. sin 3θ cos 0. 


. cos 50° cos 30°. 


cos 50 sin 36. 


22 Gt so.em oc + 


2sin 3A sin A. 


. 008 (3C + 5D) sin (80 — 5D). 


Express as the product of two ratios: 


9. 
. sin 5A — sin A, 
. cos 40 — cos 20, 
. cosdA — cos 5A. 
ΗΝ cos 47° + cos 35°, 
. Sin 49° — sin 23°, 


sin4A + sin 24. 


sin 30° + sin 60° 
cos 30° — cos 60°" 
sin a + sin β 
cosa + cos β΄ 


CHAPTER Vil 


RELATIONS BETWEEN THE SIDES AND ANGLES 
OF A TRIANGLE 


89. In 8 61 we considered the relations which exist between 
the sides and angles of a right-angled triangle. In this 
Chapter we proceed to deal similarly with an triangle. 

In nce with the usual practice, the angles of a 
triangle will be denoted by A, B, and C, and the sides opposite 
to these by a, δ, and 6, respectively. | 

Note.—in working examples in this and the following 
chapters, the student will constantly be using logarithms and 
trigonometrica! ratios taken from the tables. It should be 


A 


ie νι Ό 
Fic. 76 (a). Fic. 76 (δὴ. = 


remembered that the numbers in these tables are given 
correct to four significant figures only. When they are used 
in a number of successive operations there will sometimes 
be an accumulation of small errors which will result in small 
differences in the answers. In general ἃ three-figure accuracy 
is all that can be relied upon. 

For a general treatment of these errors of approximations 
the student should consult a good modern arithmetic or 
a special chapter on them in N ational Certificate Mathe- 
matics, Vol. 1, published by the English Universities Press. 
90. The sine rule. 

in every triangle the sides are proportional to the sines 
of the opposite angles. 

There are two cases to be considered: 

1) Acute-angled triangle (Fig. 76(a)). 
2) Obtuse-angled triangle (Fig. 76(0)). 
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In each figure draw AD perpendicular to BC, or to BC 


produced (Fig. 76(b)). 
In A ABD, AD = csinB (1) 
In 4 ACD, AD = bsinC (2) 


In Fig. 76(6), since ACB and ACD are supplementary 
angles 


sin ACD = sin ACB = sinC. 
Equating (1) and (2): 


esinB = δ εἶπ 


. δ snB 

τ τὸ 

Similarly 8 - see 

| @ sind 
and z snc . 


These results may be combined in the one formula 
sind 818 sinc 
ao eo Ue 
These formulae are suitable for logarithmic calculations. 
Worked example. Jf in a triangle ABC, A = 62° 15’, 
Β = 70° 26' and a = 9-8 ins., find b and c. 


Using the sine rule: 
δ sinB 
@ sind 

- pa 4518 

| wie enliee 


“. log b= log α + log sin B — log sin A 


= log 9-8 + log sin 70° 26’ — log sin 52° 15’ 
= 0-9912 +. 1-9742 — 1.80980 
4 


= 1-067 
= log 11-68 
-. ὃ = [1:7 (approx.) 
Similarly δ may be found by using < = one. 


Exercise 16 
= the following problems connected with a triangle 
ABC. 
1. When A = 54°, B = 67°, a = 13-9 ins., find ὃ and c. 


2. When A = 38° 15’, B = 29° 38’, ὃ τὸ. 16-2 ins., find 
@ and δ. 
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= 70°, C = 58° 16’, ὃ = 6 ins., find a and δ. 
; wis = B = 36°, a = 9-6 ins., find ὁ and 6. 
5 When B = 75°. C = 42°, ὃ = 26 cm., find a and 6. 
9]. The cosine rule. 


i e of the sine rule, there are two cases to be 
cchinanet “These are shown in Figs. 77(a) and 77 (δ). 


A 


ἀπ Νὰ: D 
Fic. 77 (δ). 
BD = # 
Then CD = a — x in Fig. 77(¢ 
and CD = x — a in Fig. 77(6 
In A ABD, AD* = AB* — BD* 


= ¢? — x2 (1) 
— 2 = AC? — CD* 
In AACD, = AD* = AC (a — x)*inFig.77(a) (2) 
a = b? — (x — a)* in Fig. 77() 
Also a— a = (« — a)? 
. uating (1) an 
Ξ _. al -- χ πε ῦ" --ἰὶ 
ee oe dar = at -ὶ οἰ — δ. 
= ¢ Cos 
But 2: wuiteae kK tr-v 
αὐ + οἷ — ὃ; 
‘008 B= ——y55 τ" 
| δὴ + ¢% — a? 
Similarly ilies - ΔΝ 


a’? + δ -- ec? 
cosC = τ πο" 


The formulae may also be written in the forms: 
6 = αὗ + 5b — 2ab cos C. 


= b* + δ᾽ — 2be cos A. 
ota Das wee ον ΕΝ 
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These formulae enable us to find the angles of a: 
when all] the sides are known. In the second form it aan 
us to find the third side when two sides and the enclosed 
angle are known. 
Worked example. 
Find the angles of the triangle whose sides are 
a = 8 ins., ὃ = 9 ins., 6 = [2 ins. 


Using cosCm STE aO 
8? 4+ 9? — 193 
2x8x9 
_ 64 +81 — 144 
bo x 8x9 
™ 744 
= 0-0069 
whence C = 89° 36’, 
Again, cos A = δ + — a* 
_ 9 + 12? — 83 
2K 9x! 
81 + 144 — 64 
2x 9x 12 
161 
216 
== 07454 
whence A = 4/° 48’ 
Similarly, using 
2 
cos B = le ia “ὰ 
we get B= 48° 36", 
Check 
A+B+e 
= 41° 48’ + 48° 36’ + 89° 36’ 
= 180°. 
Exercise |7 


Find the angles of the triangles in which: 
. @= 2ins., ὃ = 3 ins., ¢ = 4 ins. 

. ἃ = δά ins,, ὃ = 71 ins., ὃ = 83 ins. 

. a= 24 ft. b= 19 ft., ὃ = 26 ft. 

. ἃ τὸ 2-6 ins., ὃ = 2-85 ins., ¢ = 4-7 ins, 


m CF Εῷ μὰ 
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δ. If@ = 14 ἰη8., ὃ = 8-5ins., c = 9 ins., find the greatest 
angle of the triangle. 

6. When a = 64 ft., ὃ = 57 ft., and ὃ = 82 ft., find the 
smallest angle of the triangle. 


92. The half-angle formulae. 


The cosine formula is not suitable for use with logarithms 
and is tedious when the numbers involved are large: it is 
the basis, however, of a series ot other formulae which are 
easier to manipulate. 


93. To express the sines of half the angles in terms of the 
sides. 
As proved in § 91 


᾿ — gi 
cosd oP Tee 


cos = 1 — 2sin® 4 (§ 83) 


. 1... ο οἰη:... δ᾽ “Ὁ σαν 
=a 2 : 


. 2 sint 4 wi tte 


2be — ΟΝ + ct — αἢ 


2bc — δὲ — οὗ + α 
—— 


but 


_ δ — (δ — 2be + οὗ 
ΓΤ 


-- (ὁ -- ο)5 
5 ; 


Factorising the numerator 


4 - (α -Ὁ ὃ -- ογ(α --- ὃ -Ὁ οἢ (Α) 


2 sin? < 
hep τς" notation. To simplify this further we use 
the “‘s " notation, as follows: 
pe τὸ 4 Ἔ +c, i.e. the perimeter of the triangle. 


Then 9s—2a=a+b-+c— 2a 
=b+e-—a 

Again Ὡς — 2=a+b+e— 2b 
τ ἃ -- δῦ 

Similarly 2—%&e=—-a+db—e. 
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These may be written 
28 


=a+b+e 1 
ym fs ρον ae 2 
2(s —b)=a—b+ec (3 
2(8 —c) =a+b-—c I 


From (A) τωρ 


2sin? 4 = (a sh a ἰόντος +¢) 


Replacing the factors of the numerator by their equi- 


valents in formulae (3) and (4) 


we have 2 sin? 4 = Ξό- 3 =O) 
Cancelling the “ on ” 
sin? 4 _ = -- af (s — δ) 
ΟΓ nd =i 


Similarly, sin = {3 5}}8 =o) 


δα, ΠΕΞΞΙΕΞΕ 


94. To express the cosines of half the angles of a triangle 
in terms of the sides. 


Since cos A ὦ ES 
l+cosd4a1+2te~® 
but 1 +cos A = 2cost4 (Chapter VI, § 83) 


“πὸ 2cos*S = 1 + 


_ (b+ 2be - οἷ -- αἱ 


(ὃ + ο) — a? 
= ins. 


— (δ +¢e—aj(b+c+a 
Ἂν 


(on factorising the numerator) 
but b+c—a= 2(s —a) 
and a+b+ce= 2s 


δὲ + οὗ — a? 
--Ξ τ; - 
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Substituting 


A 2(s — a) X ὥς 
2costS = “EAI XS 
ans cost = SE -- 9) 


2 cos - [= 
Similarly oF am [22-9 
cos $=, [Ξ5 3 


95. To express the tangents of half the angles of a triangle 
in terms of the sides. 


Since tan $ = — 
cos — 
2 
we can substitute for sin $ and cos 4 the expressions 
found above. 
Then tan 4 = 
Simplifying and cancelling 
tan 2 A (8 — b)(s — c) 
Σ 8(5 -- @) 
Ἐς [8-ΞΞ- ae -Ξ- εἢ 
Similarly tan = 25285 8 —6) 
(5 — α)(8 — ὃ) 
and an = {{5Ξ 95 -ϑὶ a ae 
96. To express the sine of an angle of a triangle in terms of 
the sides, 
Since 


sind = 2sin S cos 4 


substituting for sin 4 and cos 4 the values found above 


sind = 2,/E= DE 9 x (9 
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“, snA= Vale — a)(s — 6)(s — c), on simplifying. 
Similarly 
2 
sinB= τς 8(8 — a)(s — ὃ)(8 —e 


and 


sin = ὦ. 8.8 — a)(s — 


97. Worked example. 


The working involved in the use of all these formulae is 
veg Haar rang We will give one example only: others will 
nd in the next chapter. 


The cit ie aims = 264,56 = 435,¢ = 473. Find 
the greatest angle. 

The ga angle is opposite to the greatest side and is 
γῆς εἰ f this very importan 

n questions ὁ type it is t to em 

a dae and methodical arrangement of the wor Unl sed 
this is done loss of time and inaccurate results will οὐδ 

Checks should be employed at suitable stages. 


The following arrangement is suggested. 
Begin by calculating ‘values of the “s”™ factors and 
ἈΞ... out their logari 
lo 
a= 264 
b= 435 
é¢e= 473 
ae 2s « a 1172 
and 85 τὰὸὰ 686| 2-7679 
$—a= 322) 2-5079 
s—b 151 | 2-1790 
s—c= 113/2-0631 
Check 25 = 1172 
Note.—s + (s — a) + (5 — b) + tag ὧν 
—(@t+b+c= 


Any of the half angle formule ΠΗ be used, but a 
tangent formulae involves only the “ s” factors, all the logs 
of which are set out above. 
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sing | 
οἷς Je 


Sian 322 x 151 
, ᾿ 586 x 113 
*, log tan © z= }(log 322 + log 151 — log 586 — log 113) 
= ]-9329 (see working) No. 
on - = 40° 36’ 322 |2-5079 
and 0 =8i° 12’. 15] |2-1790 
586 2: 1679 
112 |2°0531 
+2 |I-8659 
Exercise [8 


1. Using the formula for tan $, find the largest angle in 
the triangle whose sides are 113 ft., 141 ft., 214 ft. 

2. Using the formula for sin 4, find the smallest angle in 
the triangle whose sides are 483 ft., 316 ft., and 624 ft. 

8, Using the formula for cos 5 find B when a = 116 ft, 
ὃ = 221 ft., ὁ = 286 ft. 

4. Using the half-angle formulae find the angles of the 
"5 Usin ena = 160, b = 220, ὃ = 340. 

5. Using the half-angle formulae find the angles of the 

le w sides are 73-5, 65-5 and 75. 


6. Using the formula for the sine in § 96 find the smallest 
angle of the triangle whose sides are 172 ft., 208 ft. and 274 ft. 


98. To prove that in any triangle 


B—C b-—e A 
tan —5— = Ἐπ OF 


B Ἢ 
From § 90 oe 


Let each of these ratios equal &. 
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oan sin B = bk Ἔ Similarly 
"Adding (1) and (2 se . cen 2 2 Of oe 
πα, ΕΣ wisi la ® | a Bas Ope 
τη ΩΣ ρῶν. = 
ye ϑκ σαι ἀρ --ἃ (4) a eee 
Dividing (4) by ( ἌΝ This formula is well adapted for use with logarithms, 
ein το —- | and although at first sight it may look a complicated one it 
smB+sin€ διε 3 is not difficult to manipulate. 
ὃ -- c= sin B — sinC On the right-hand side we have quantities which are 
Ἢ b+ sin B + sinC known when we are given two sides of a triangle and the 
Applying to the numerator ae denominator of the right- contained angle. -ς 
side the formulae, 9 and 10 of § 87, Consequently we can find 2= and so B — C. 
= te . n= =F | Since is known wecan find B + CforB + C = 180 — A 
We get b—o im i Let B+C=a 
b+e . BEC B—-C | Ἔ B-—-C=6 (note α΄ aad β are Bow 
,., Β--ὸὲ͵Ἵ᾽ . B+C | Adding 2B=a+h 
ΡΟΝ τ Sa eee Subtracting 20 =a— 6 
τ | eos be . B=tt8anac =258 
008 --π- cos —5— | 2 2 
δὼ B—C Hence we know all the angles of the triangle. 
1—— 
= Tae | Worked example. 
tan “τσ In a triangle A = 75° 12’,b = 43, τε 35. 
| Find B and C. 
Since B+ 0) = 180° — 4 ἶ Bi bp «ἡ 
Bto Lo —4 Using tan—3— = 5 eG 
: 2 d substitu 
tah mebeenvaa Te Ee 81 36" 
. b-c_ iad Si tan2 >" = a5 
chai? tn (or — 4) = & cot 37° 36 
tan Ξ- ἐν log tan 2 = = log 8 + log cot 37° 36’ — log 78 
Tit? ae (see§ 63) == 1-1245 
Β -- ΟἹ met | whence B-C 85 
tan 5 ... ἢ and B—C = 15° 10 oii 
a ak ea A. TR aes 
= (1) Adding 2B = 119° 58’ 


B-—-C ὃ.-- A , and B = 59° 59’ 
or ee es bare “οὐ .. Β - 60° approx. 
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(2) Subtracting 30 = 89° 38’ 
and C = 44° 4%, 
99. To prove that in any triangle 
a=b6cosC +eccosB 
As in § 90 there are two cases. 
In Fig. 78(a2) BC =BD + DC 
But D=ccosB 
DC = bcosC 
“ @€=BD+DC 
=ccosB + bcosC 


ae 8 
Fic. 78 (a). 
In Fig. 18 (ὃ) BC = BD— DC 
“. @=ccos B — bcos ACD 
= ¢ cos B — ὃ cos (180° — ΟἹ 
=c¢cos B+ bcos ( 


le OR D 
Fic. 78 (δ). 


since 


cos (180° — B) = — cosB | 

Spin ouehcnee we tan 
ny a=bcosC +ccosB 

Similarly b=acosC +ccosA 


and e=acoseB+bcsA 

gape ng tL CF we Son δὲ ΒΩ Je. the jection of AB 
on BC, DC is the projection of AC on ἐς: in the second 
case BC is produced and the projection must be regarded 
as negative. Hence we may state the Theorem thus: 

Any side of a triangle is equal to the projection on it 
of the other two sides. 

Exercise 19. 

Use the formula ved in § 98 to find the remaining 

angles of the atria tangle: y 
. @= 171, ¢ = 288, B = 108°, 

. @= 786, b = 854, ὦ = 37° 25’, 
. € = 175, ὃ = 602, A = 63° 40’, 
.@= 85,5 = 111,C = 60°. 
. @= 431, ὃ = 387, C = 29° 14’, 
. @= 759, ὃ = 567, B = 72° 14’. 


a> om Go hoe 


7 ee eR 


CHAPTER Vill 
THE SOLUTION OF TRIANGLES 


100. Tue formulae which have been proved in the a 
chapter are those which are used for the purpose of solving 
a triangle. By this is meant that, given certain of the sides 
and angles of a triangle, we proceed to find the others. The 
parts given must be such as to make it possible to determine 
the triangle uniquely. If, for example, all the les are 
given, there is no one triangle which has these angles, but 
an infinite number of such triangles, with different lengths 
of corresponding sides. Such triangles are similar, but not 
co 


ent (see § 15). 

The oon itions under which the solution of a triangle is 
— must be the same Be ores" agit ee when 
triangles are congruent, e student, ore proconaey i β 
further, should revise these conditions (see pter I, 


§ 13). 
ie should be understood, of course, that we are not dealing 
now with right-angled triangles, which have already been 


considered (see Chapter ITI, § 62). 


101. From the Theorems enumerated in § 13, it is clear 
that a triangle can be “ solued”’ when the following parts 
are given: 

Case |. Three sides. 

Case Il. Two sides and an included angle. 

Case Ill. Two angles and a side. 

oa IV. Two sides and an angle opposite to one of 
them. 


This last case, however, is the Ambiguous Case (see § 13) 
and under certain conditions, which will be dealt with later, 
there may be two solutions. 

In the previous chapter, after proving the various 
formulae, examples were considered which were, in effect, 
concerned with the solution of a triangle, but we must now 
proceed to a systematic consideration of the whole problem. 


102. Case |. 

known, : 

The problem is that of finding at least two of the angles, 
12: 


To solve a triangle when three sides are 
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because since the sum of the angles of a triangle is 180°, 
when two are known the third can be found by subtraction. 
It is better, however, to calculate all three angles separately 
and check the result by seeing if their sum is 180°, 
Formulae employed. 
(1) The cosine rule. The formula 


b? + c? — qi 
pee rei 


will give A, and B and C can be similarly determined. As 
previously stated, however, this should only be used if the 
numbers are small, since it is not suitable for logarithmic 
calculations. 

(2) The half angle formulae. The best of these, as pre- 


viously pointed out, is the tan 5 formula, viz. 


However, the formulae for sin $ and cos $ may be used. 
(8) The sine formula 


sinA = Ξ VEG — a)(s — δὴ{- — a) 


This is longer than the half-angle formulae, though suitable 
for logarithmic calculations. 


Worked example. 


Solve the triangle in which a = 269-8, ὃ = 235-9, ὁ = 264-7. 
Data ard logs. a = 269-8 
ὃ = 235-9 
c= 264-7 
ὃς = 170-4 rae 
. 5 = 385-2| 2-5857 
§—a = 11δ.4) 2-0622 
8 -- ὃ = 149-3] 5.174] 
5—c = 120-56} 2-0809 


ὃς = 770-4 


---- --  ἧἑἔ-- --«------ μπττ....ὕ....... 
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To find A 


Taking logs 
log tan = D{log(s — δ) +log(s — ¢)} — flogs + log(s — a)}) 


= 1-8035 (from working) 
= log tan 32° 28’ 
an 4... 32° 28’ 
and A= 64° 56’. 


s — δ᾽ 2174] 
808 


To find Β. 
Formula used 


B — @)(5 — ὁ 
wh (SE 
Taking logs 
log tan 5 = S{flog(s — a) + log(s —c)}— flog s + log(s — δ}}} 


=1-6916 
= log tan 26° 11’ 
- τ = 26° 11’ 
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To find C. 
Formula used 
anf =, [ἘΞΞΕΞΕ | 
s(s -- δ Ι 
rie logs | 


log tan $ = s{flog(s — a) + log(s — b)}— flogs + ἪΡ - om 
= 1-7848 
= log tan 31° 21’ 


* ς - o ἤ 
ὧ 5 = 31 21 


CGC = 62° 47’, 
Check 
A = 64° 56’ 
B = §2° 22’ 
C = 62° 42’ 


A+B+C= 180° 00’ 


Exercise 20. 
Solve the following triangles: 


. @= 252,b = 342, c = 486. 
.@= 10, b= 11, cm 13, 

, @= 206-5, b = 177, ¢c = 2095. 

. @= 402-5, b = 773-5, ὁ = 1001. 
. @= θδ2, ὃ = 162-4, c = 117-6, 


a, Cob μὶ 


103. Case ll. Given two sides and the contained angle. 


(1) The cosine rule may be used. If, for example, the 
given sides are ὁ and c and the angle A 


; α = δῖ + ω — Sie tee 2 
will give a. 
Hence, since all sides are now known we can proceed as 
in Case I. The drawbacks to the use of this formula were 


given in the previous case. 
(2) Use the formula 


tan B= — =e cot 4 
which is suitable for use 5 πὰ Ὡ γε" 
Solve the triangle when 
ὃ = 204, ¢ = 406, Ad = 35° 24’ 
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Data and logs: 
c = 406 2-6085 
¢-+6= 700 2.845] 
*c—b= 112 2-0492 
A = 36° 24’ 


$ == 17° 42’ | 0-4960 (log cot 5) 


᾿ 2 
C+B= 144 36’ 
* This form is used since ¢ > ὃ, and therefore C > B. 
Formula used : 


Ό -- = c—b 
tan —~— ag FS hess cot $ 
C—BE A 
log tan >= ὧς — b) + log cot > — log(c + δ) 
= 1-7001 


= log tan 26° 38’ 


- CHB = 26° 38' 
Cc —B = §3° 16’ 
Also nh he oe ' 
1. 53 
we «SE πῆτε 
en = 9]° ooo/| 7.7 
rede yA tan 26° 38’ | 1-700! 
To find a. 
Formula used 
a ὃ 


sin A sin B 
-. loga= log ᾿ 7 log sin A — log sinB 
= 2-376 
— oh δ ] | 
a= approx. 9.4 
The solution is: sin 35° 34 
B = 45° 40’ 
C = 98° 56’ 
a= 238. 


Exercise 2] 


Solve the following triangles: 

1, ὃ = 189, ὁ = 117-7, A = 60° 36’. 
2. a= 94,b = 159-4, C = 80°58’. 

3. a = 39-6, ¢ = 11:1, B = 65° 10. 
4. a= 266, ὃ = 175, C = 78°. 

5. @ = 230-1, ὁ = 269-5, B = 30° 28’, 
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104. Case lll. Given two angles and a side. 
If two angles are known the third is also known, since 
the sum of all three angles is 180°, This case may therefore 


be stated as 
Given the angles and one side. 


The best formula to use is the Sine rule. 

Note.—It has previously been stated that if greater 
accuracy is required than can be obtained by the use of four- 
figure tables, a book giving seven-figure tables is ; 
In order that the student may have some idea of these 
tables and their use, they will be employed in the following 
worked example. Many students will certainly need these 
more exact tables when they apply their trigonometry to 
practical problems; they are Pits fl advised to obtain a 
copy of Chambers’ ‘‘ Tables”’. The use of them differs in 
some ts from those employed in four-figure tables, 
but a full explanation is given in an introduction to the 
book itself. 

Worked example. 

Solve the triangle in which B = 71° 19’ δ΄, C = 67° 27’ 33” 
and b = 79-063. 

Note.—It will be observed that the les are given to 
the “nearest second” and the length of the side to 5 
significant figures. 

Required to find, A, a and c. 

Now A = 180° 3 ir 19’ 5” + 67° 27’ 33”) 


= 4/° |3 
To find e. 
| e¢ sinc 
Formula used Σ Ξ Ξ|ΩΠἘ 
whence c= ὃ ont - 
sin 
“. loge = log ὃ + logsine — logsinB 
= 1-8869718 Logs. 
Gu " os. 79-063 | 1-8979775 
eS ὡς. sin 67° 27’ 33” | 1-9654810 
1°8634645 
sin 71° 19’ 5” | 1-9764927 
77-085 | 18869718 
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To find a. ek 
‘3 asin 
Using 5b snB 
log ἃ = log b + log sin A — log sinB 
7403627 


Logs. 


ἣ, @= 55. 79°063 | 1-8979775 
sin 4]" 13’ 22” | 1-8188779 
17168554 
sin 71° 10’ 5" | 1-9764927 
.. The solution is 55 1°7403627 
A = 4/° 13’ 22’ 
a= 55 
e = 77-085 
Exercise 22 


Solve the triangles: 

141-4, A = 74° 18’, C = 24° 14’, 
208-5, A = 95° 41’, B = 41° 38’, 
29° 56°, C = 108°, a = 112-8. 
32° 41’, C = 49° 38’, ὁ = 117-6. 
11-74, A = 27° 45’, B = 41° 22’. 


105. Case IV. Given two sides and an angle opposite to 
one of them. 

This is the ambiguous case and the student is advised to 
revise Chapter I, § 13, before proceeding further. 

As we have seen if two sides and an angle opposife to one 
of them be given, then the triangle is not always uniquely 
determined as in the previous cases, but there may be two 
solutions. 

_We will now consider from a trigonometrical point of 
view how this ambiguity may arise, 


l. ἃ 
2. ὃ 
3. A 
4. B 
δ. ὃ 


Hid i 


Fic. 79. 
In the A ABC (Fig. 79), let c, b, B be known. 
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As previously shown in ὃ 13 the side ὃ may be drawn in 
two positions AC and AC’. 
Both the triangles ABC and ABC’ satisfy the given con- 
ditions. Consequently there are: 
1) Two values for a, viz. BC and BC’. 
2) Two values for ZC, viz. ACB or AC’B. 
3) Two values for 2A, viz. BAC or BAC’. 
Now the A ACC’ is isosceles, since AC = AC’ 
* LACC’ = ACC. 
But ACC’ is the supplement of ACB. 
.. also AC’C is the supplement of ACB. 
“, the two possible values of ZC, viz. ACB and AC’B are 
supplementary. 
Solution. 
Since c, ὃ, B are known, C can be found by the sine rule. 


; 3 sinC sinB 
1.8. We Use 


a Se 
: esinB 
whence sinc = ἜΤ 


Let us suppose that ὃ = 8-7, ὃ = 7-6, Β = 26. 

Then sin C — 

.. logsinC = log 8-7 + log sin 25° 
, — log 7-6 

ΝΟ logsinC = 1-6846, 


We have seen in § 73 that when the value of a sine is given, 
there are two angles less than 180° which have that sine, 
and the angles are supplementary. Now from the tables 
the acute angle whose log sine is 1-6846 is 28° 56’. 

*, 1-6846 is also the log sine of 180° — 28° 36’, i.e. 151° 4. 

Consequently there are two values for C, viz. 

28° 56’ and I5I° 4’. 

Let us examine the question further by considering the 
consequences of variations relative to δ in the value of 8, 
the side opposite to the given angle Β. 

As before draw BA making the given angle B meet BX, 
of indefinite length. Then with centre 4 and radius = ὃ 
draw an arc of a circle, 
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(1) If this arc touches BX in C, we have the minimum 


length of ὃ to make a triangle at all (Fig. 80(a)). The 
triangle is then right-angled, there is no ambiguily and 


ὃ = csin B. 
(2) If ὃ is >csinB but «δ then BX is cut in two 


| points C and C’ (Fig. 80(b)). 


[τ νον σθαι. 


Fic, 80 (a). Fic. 80 (0). 


There are two As ABC, ABC’ and the case is ambiguous. 


\ 
oo 
Ἀ 


Fie. 80 (c). 


(3) If6> δ, BX is cut at two points C and C’ (Fig. 80(c)), 
but one of these C’ lies on BX produced in the other direc- 
tion and in the A so formed, there is no angle B, but only 
its supplement. There is one solution and no ambiguity. — 

.. here ave two solutions only when ὃ, the side io to 
the given angle B, is less than c, the side adjacent, and greater 
than ¢ sin B. 

Ambiguity can therefore be ascertained by inspection. 


Exercise 23. 


In the following cases ascertain if there is more than one 
solution. Then solve the triangles: 
l. ὃ = 30-4, ὁ = 34-8, B = 25°. 
2. ὃ = 70-25, c = 85-3, B = 40°. 
3. ἃ = 96,¢ = 100, C = 66°. 
4.a = 91, ¢ = 78, C = 29° 27’. 
E—TRIG. 
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106. Area of a triangle. 

From man tical points of view, ¢.g. surveying, the 
calculation οἱ he area οἱ a triangle is an essential part of 
solving the triangle. This can be done more readily when 
the sides and angles are known. This will be apparent in 

A the following formulae. 


(1) The base and altitude formula. | 


The student is probably ac-. 
quainted with this formula which | 
is easily obtained from elementary 

C geometry. we 

Considering the triangle ABC in 

Fig: 80(d). 


| | 
| 


| 


——_t 
Fic. 80(d). 
From A, a vertex of the triangle, draw AD perpendicular — 


to the —— side. 
Let AD = h and let A = the area of the triangle. 
Then A τ ΒΟ x AD 


= dah. 

If perpendiculars be drawn from the other vertices B and 
C, similar formulae may be obtained. : 

It will be noticed that ἃ is not calculated directly in any © 
of the formulae for the solution of atriangle. It is generally 
more convenient that it should be expressed in terms of the 
sidesand angle. Accordingly we modify this formula in (2). 

(2) The sine formula. 

Referring to Fig. 80(d) : 


D 
7c = sin C 
“Ὁ, &A=bsinCc 
Substituting for 4 in formula above, 
A = jab sin 
Similarly using other sides as bases 
A =}4besinA 
= sin B. 
This is a useful formula and adapted to logarithmic © 
calculation. It may be expressed as follows: | 
The area of a triangle Is oe ee to half the product of two 
sides and the sine of the angle contained by them. 
(3) Area in terms of the sides. 
We have seen in § 96, Chapter VII, that 


sin A Vee —ae—oe -Ξ- τὶ — a)(s — d)(s — δ) 
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Substituting this for sin A in the formula 
A = }be sin A 
A =the x EVEE— AEE Ξ τ) 
: OQ = Va(e—a)(s — δ) (8 — ¢) 


In using this formula with logs the student should revise 
the hints given in the worked example in § 97, Chapter VII. 


Worked examples. 


(1) Find the aréa of the triangle solved in § 103, viz. ὃ = 294, 
ἢ = 406, A = 35° 24. 


Using the formula: 


A = 4besinA 
A= x 294 x 406 x sin 35° 24’ 
log A= 


og (0-5) + log 294 + log 406 + log sin 35° 24’ 
45387 
“ A = 34570 sq. units. 


(2) Find the area of tne triangle solved im ὃ 102, viz. 
a = 269°8, ὃ = 235-9, ὁ = 264-7. 
Using the formula and taking values of s, s — a, etc., as 
in § 102: ; 
A = vVs(s — a)(s — εἰς — οἱ 
log ἃ = {log s+ log (s — a) + log(s - ὃ) + log(s —e 
= 4-45 


= log 28280 558, 

A = 28280 sq. units. ξ = 385-2 | 2°5857 
Ss — a = 115°4| 2°0622 

s —b = 1495 2°1741 

s —c = 120°5| 20809 


+ 2} 8-9029 
28280 | 4-4515 


Exercise 24 


1. Find the area of the triangle when ὦ = 6-2 ins., 
ὃ = 7-8 ins., C = 62°. 

2. Find the area of the triangle ABC when AB = 14 ins., 
BC = ll ins. and ZABC = 70°. 
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3. If the area of a triangle is 100 sq. ins. and two of its 
ΕΝ are 21 ins. and 15 ins., find the angle between these 
sides. 

4, Find the area of the triangle when a = 98-2 cms., 
¢ = 73-5 cms. and B = 135° 20’. 

_ 6. Find the area of the triangle whose sides are 28-7 cms., 
35-4 cms, and 51-8 cms. 

6. The sides of a triangle are 10 ins., 13 ins. and 17 ins. 
Find its area. 

7. Find the area of the triangle whose sides are 23-22, 
31-18 and 40-04 chains. 

8. Find the area of the triangle whose sides are 325 m., 
256 m. and 189 m. 

_ 9. A triangle whose sides are 13-5 ins., 32-4 ins. and 35-1 
ins. is made of material whose weight per sq. in. is 2-3 ozs, 
Find the weight of the triangle in ibs. 

10. Find » area of a quadrilateral ABCD, in which 
AB = 14-7 cms., BC = 9-8 cms., CD = 21-7 cms., AD = 
18-9 cms. and ZABC = 137°. 

11, ABC is a triangle with sides BC = 36 cms., CA = 25 
cms.,4B = 29cms. A point O lies inside the triangle and 
is distant 5 cms. from BC and 10 cms. from CA. Find its 
distance from AB. 


Exercise 25 
Miscellaneous Examples 


1. The least side of a triangle is 36 yards long. Two of 
the angles are 37° 15’ and 48° 24’. Find the greatest side. 

2. sides of a triangle are 123 yds., 79 yds. and 97 
yds. Find its angles as accurately as you can. 

3. Given ὁ = 532-4, ¢ = 647-1, A = 75° 14’, find B, 
C and a. 

4. Ina triangle ABC find the angle ACB when AB = 92 ft., 
BC = 50 ft. and CA = 110 ft. 

5. The length of the side BC of a triangle ABC is 14-5 ins, 
ZABC = 71", ZBAC = 57°. Calculate the lengths of the 
sides AC and AB. 

6. In a quadrilateral ABCD, AB = 3 ins., BC = 4 ins., 
CD = 7-4ins., DA = 4-4ins. and the ZABC is 90°. Deter- 
mine the angle A DC. 

7. When a = 25, ὃ = 30, A = 50° determine how many 
such triangles exist and complete their solution. 

8. The length of the shortest side of a triangle is 162 ft. 
If two angles are 37° 15’ and 48° 24’ find the greatest side. 

9. Ina quadrilateral ABCD, AB = 4-3 ins., BC = 3-4 ins., 
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CD = 3-8 ins. ZABC = 95°, ZBCD = 115°. Find the 
lengths of the diagonals. 

10. From a point O on a straight line OX, OP and OQ 
of lengths 5 ins. and 7 ins. are drawn on the same side of 
OX so that ZXOP= 32° and ZXOQ=55°. Find the 
length of PQ. 

11. Two hooks P and Q on a horizonta] beam are 15 ins. 
apart. From P and Q strings PR and QR, 9 ins. and 8 ins. 
long respectively, support a weight at R. Find the distance 
of Rk from the beam and the angles which PR and QR make 
with the beam. 

12. Construct a triangle ABC whose base is 5 ins. long, the 
angle BAC = 55° and the angle ABC = 48°. Calculate the 
lengths of the sides AC and BC and the area of the triangle. 

13. Two ships leave port at the same time. The first 
steams S.E. at 18 m.p.h., and the second 25° W. of 5. at 
15 m.p.h. Calculate the time that will have elapsed when 

are 86 m. apart. 

14. AB is a base line of length 3000 yds., and C, D are 
points such that 4ZBAC = 32°15, 4ABC = 1199 δ΄, 
ZDBC = 60° 10’, ZBCD = 78° 45’, A and D being on the 
same side of BC. Prove that the length of CD is 4405 yds. 
approximately. 

15, ABCD is a quadrilateral. If AB = 8:8", BC = 6-9’, 
AD = 4-2’, ZABC = 109°, ZBAD = 1285, find the area 
of the quadrilateral. 

16. A weight was hung from a horizontal beam by two 
chains 8 ft. and 9 ft. long respectively, the ends of the chains 
being fastened to the same point of the weight, their other 
ends being fastened to the beam at points 10 ft. apart. 
Determine the angles which the chains make with the 


CHAPTER ΙΧ 


PRACTICAL PROBLEMS INVOLVING THE SOLUTION 
OF TRIANGLES 


107. Ir is not possible within the limits of this book to 
deal with the many practical applications of ee ἢ 
For adequate treatment of these the student must consult 
the technical treatises specially written for those professions 
in which the subject is necessary. All that is attempted in 
this chapter is the consideration of a few types of problems 
which embody those principles which are common to most 
of the technical applications. Exercises are provided 
which will provide a training in the use of the rules and 
formulae which have been studied in previous chapters. In 
other words, the student must learn to use his tools efficiently 
and accurately. 


A 


oO < B 
Fic. 8]. 


108. Determination of the height of a distant object. | 

This problem has occupied the attention of mankind 
throughout the ages and is not less important in these da 
of aeroplanes and balloons. Three simple forms of 
problem may be considered here. 

(a2) When the point vertically beneath the top of the 

object is accessible. 

In Fig. 81 AB represents a lofty object whose height is 
required, and B is the foot of it, on the same horizontal 
level as O. This being accessible a horizontal distance 
represented by OB can be measured. By the aid of a 

134 
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theodolite the angle of elevation of AB, viz. ZAOB, can 
be found. 
Then AB = OB tan AOB, 
The case of the ΕΝ considered in Chapter ITI, 
; 40, is an example of this. It was assumed that distance 
the point vertically below the top of the pyramid could 
be found. 


(b) When the point on the ground vertically beneath 
the top of the object is not accessible. 


In Fig. 82 AB represents the height to be determined and 
B is not accessible. To determine AB we can proceed as 
follows : 

From a suitable point Ὁ, ZAQB is measured by means of 
a theodolite. " 


Ρ S B 
Fic. 82. 


Then a distance is measured so that P and Q are on 
the same horizontal plane as B and the A APQ and AB are 
in the same vertical plane. 

Then 4 APO is measured. 

“. in AAPOQ. 

PQ is known, 
£APQ is known. 
ZAQP is known, being the supplement of ZAQB. 

The A APQ can therefore be solved as in Case III, 


§ 104. ; 
When AP is known. 
Then AB = AP sin APB 
As a check AB = AQ sin AQB 


(c) By measuring a horizontal distance in any direction. 


It is not always pany ste obtain a distance PQ as in the 
previous example, so that A APQ and AB are in the same 
vertical plane. 
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The following method can then be employed. 
In Fig. 83 let AB represent the height to be measured, 
Taking a point P, measure a horizontal distance PQ in 

any suitable direction. 


At P measure 
(1) ZAPB, the angle of elevation of A. 


ZAQP is known. 
.. 4 APQ can be solved as in Case III, of § 104. 
Thus AP is found and ZAPB is known. 
.. AB = AP sin APB 

Asa check ZAQB can be observed and AQ found as above. 

Then AB = AQ sin AQB. 

It should be noted that the distances PB and QB can be 
determined if required. 
Alternative method. 

Instead of measuring the les APO, AQB, 

Euston ae g ee ane PQ, AQB, we may, by 


PQ is known. 
4s BPQ, BQP are known. 
.. & PQB can be solved as in Case III, § 104. 
Thus PB is determined. 
Then ZAPB being known 
AB = PB tan APB 
As a check, AB can be found by using BQ and ZAQB. 
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109. Distance of an inaccessible object. 
Suppose A (Fig. 84) to be an inaccessible object whose 


distance is required from an observer at P. 


A distance is measured in any suitable direction. 
ZAPQ, the ing of A with regard to PQ at P is 
measured. 


Fic. 84. 


Also ZAQP, the bearing of A with regard to PQ at Q 
is measured. 
Thusin A APO. 
is known. 
Zs APOQ, AQP are known. 
*, 4 APQ can be solved as in Case ITT, § 104. 


Thus AP may be found and, if required, AQ. 
A 


Q 


Fic. 85. 


110. Distance between two visible but inaccessible objects. 
Let A and B (Fig. 85) be two distant inaccessible objects, 
Measure any convenient base line PQ. 
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At P observe 4s APB, BPQ. 
At Q observe 2s AQP, 408. 
In QAPQ. 

is known. 


s APQ, AQP are known. 
.. Δ can be solved as in Case III, § 104, and AQ can be 


found. 

Similarly A BPQ can be solved and 

Bee a a eae be foeaet, 
AQ is known. 


aT, known. 
'B is known. 
”. &AQB can be solved as in 3 
Hience 4 B is found. as in Case IT, § 103. 
: eck can be found b lving i imila : 
the A APB. ΣΡ Ὁ. 8 ΒΝ Se 


It. Triangulation. 


The methods employed in the last two exampl i 
principle, those which are used in Tuinngmlasicn, This is 
the name given to the method employed in surveying a 
district, obtaining its area, etc. In practice there are com- 
εν ον such as corrections for sea level and, over large 
listricts, the fact that the earth is approximately a sphere 
necessitates the use of spherical trigonometry. 

Over small areas, however, the error due to considerin 
the surface as a plane, instead of part of a sphere, is, in 
general, very small, and approximations are obtained more 
readily than by using ie trigonometry. 


The method employed is, in principle, as follows: 
ς 
Β 
Ρ A 


Q 
Fic. 86. 


A measured distance PQ (Fig. 86), called a base line, is 
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marked out with very great accuracy on suitable ground. 
Then a point A is selected and its bearings from P and Q, 
ie. Z8SAPQ, AQP, are observed. PQ being known, the 
A APQ can now be solved as in Case III and its area 
determined. 

Next, another point B is selected and the angles BPA, 
BAP measured. 

Hence, as PA has been found from A APQ, 4 APB can 
be solved (Case III) and its area found. 

Thus the area of the quadrilateral PQAB can be found. 

This can be checked by joining BQ. 

The AsBPQ, ABQ can now be solved and their areas 
determined. 

Hence we get once more the area of the quadrilateral 

AB 


“A new point C can now be chosen. 
Using the same methods as before: 


A. ABC can be solved. 


By repeating this process with other points and a network 
of triangles a whole district can be covered. 

Not only is it essential that the base line should be 
measured with minute accuracy, but an extremely accurate 
measurement of the angles is ne . Checks are used 
at every stage, such as adding the angles of a triangle to 
see if their sum is 180°, etc. | 

The instruments used, especially the theodolite, are 
provided with verniers and microscopic attachments to 
secure accurate readings. 

As a further check at the end of the work, or at any 
convenient stage, one of the lines whose length has been 
found by calculation, founded on previous calculations, can 
be used as a base line, and the whole survey worked back- 
wards, culminating with the calculation of the original 
measured base line. 


112. Worked examples. 


We will now consider some worked examples seers 
some of the above methods, as well as other problems solv 
by similar methods. 

Example |. Two points lie due W. of a stationary balloon 
and ave 1000 yds. apart. The angles of elevation at the two 
points ave 21° 15’ and 18°. Find the height of the balloon. 

+10 is an example of the problem discussed under (δ) 
in § 108, 


140 TEACH YOURSELF TRIGONOMETRY | PRACTICAL PROBLEMS 141 
In Fig. 87 | [5 Fig. 88 PQ A represents the height of the balloon at P 


ZLAQB = 21° 18" above the ground 
Zao = 158° 45 LNAQ = 33° 12” 
ZPAO = 3° 15° CABQ = 21" 27° 
ss = LPA ff = 53° 25’ 
A APO ts solved as in Case IIT. 


We first solve the A ABQ and.so find AQ, 


ZLBAQ = 180° — 33° 12‘ = 146° 48 
2408 = 180° — (BAQ + ABQ) 

= 180° — 168° 15’ 

= 11" 45’ 


Q 
Fic. 81. 


”. log AP = log 1000 + log sin 158° 45’ — log sin 3° 15’ 
and sin 168° 45’ = sin 21°15’ (ὃ 70) 
whence AP = 6395 (see working) Logs. 
also AB = PA sin 18° 

= 6395 sin 18° _ ., 1000 
whence log AB = 3-2958 ee working) sin 21° 15’ 
ee AB = |976y , 


Pp 


The A ABQ can now be solved as in Case III, 
ee AB 
ἜΒΑ sin ABO ~ sindOB 
εὖ. eee 1000 
** sin 21°27’ sin 11° 46’ 
ΤῊΣ log 1000 - log sin 21° 27’ — log sin 11° 45’ 


wither” AQ = 1796 (see working) Logs. 
Now = AQtan PAQ ὦ 
= 1796 tan soe 25’ 1000 | 3 

my 1796 + log tan 53° 25° ε sin 21° 27’ 

Bs, 2419 (see working) 


| 83-2968 


Example 2. A balloon is observed from two stations A and 
B at the same horizontal level, A being 1000 ft. north of B. 
At ἃ given instant the balloon appears from A to be in a 
direction N. 33°12’ E., and to have an elevation 53° 25’, 
while from B it si eeers in @ direction N. 21° 27’ Ε. Find the 
hetght of the balloon 


This is an axambte of (c) above. 


~ 2419 | 3-3837 
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Example 3. A man who wishes to find the width of α 


river measures along a level sireich on one bank, a line AB, 


150 yds. long. From A he observes that a t P on the 


opposite bank is placed so that LPAB = 8130 and 


A = 62°12’. What was the breadth of the river? 
In Fig. 89, AB represents the measured distance, 150 yds, — 


ao the post on the other side of the river. 


PQ, drawn perpendicular to AB, represents the width off 
the river. 


To find PQ we must first solve the A APB, 
Then knowing PA or PB we can readily find PQ. 
A APB is solved as in Case III, 
£PAB = 61° 20’, LPBA = 62° 12’ 
ZAPB = 180° — (51° 20’ + 62° 12’) = 66° 28’ 
PB _ sin 51° 20’ 
AB - sin 66° 28’ 
3 150 x sin 51° 20’ 
ἡ. PB= See 287 - 
Ὡς io = a ἘΝ +- log sin 51° 20’ — log sin 66° 28’ 


7 (see working) Logs. 

Aa af es 277 κε 2° 150 | 2-1761 
:. =} ‘7 + logsin 62°12’ | 150) 2°1761 
een” = Th yds. Rargesnes Be sin 51 20° 1-8925 


This may be checked by finding PA in 


2°0686 
A PAB and then finding PQ as above. 


sin 66° 28’ 


113-0| 2-0530 


1-9623 
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Example 4. A and B are two ships at sea. P and Q are 


two stations, 1100 yds. ape, and approximately on the same 


horizontal level as A and B. At P, POR subtends an angle of 
49° and BQ an angle of 31°. AtQ, AB subtends an angle of 
60° and AP an angle of 62°. Calculate the distance between 
the ships. 


Fig. 90 represents the given angles and the length PQ 
not drawn to scale). 

AB can be found by solving either A PAB or A 048. 

To solve A PAB we must obtain AP and BP. 

AP can be found by solving A APQ. 

BP can be found by solving A PBQ. 

In both As we know one side and two angles. 

“ the A can be solved as in Case III. 


A 
B 
p 
ca 
Fic. 90. 
μ To solve A Α͂ΡΟ and find AP. 
n LA APO 
LAPQ = LAPB + ZLBPQ 
= 49° + 31° = 80° 
*. £PAQ = 180° — (80° + 62°) = 38°. 

; | AP _ sin 62° 
Using the sine rule PO = sin 38° 
᾿Ξ log AP = log 1100 + log sin 62° — log sin 38° 


= 3-1980 ᾿ 
᾿ς AP τα 1578 (see working) 
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(2) To solve A BPQ and find BP. 
ZPQB= ZAQB + ZLAQB 
== 60° +- 62° = 122°, 
-. 4PBQ = 180° — (31° + 122°) = 27° 
Sete ke BP _ sin 122° 
_Using sine rule PO = sina 
.. log BP = log a + log sin 122° — log sin 27° 


12 
BP = 2055 (see working) 


(3) To solve 4 APB and find AB. 
We know AP = 1578 (= c say) ὃ = 2055 
BP = 2055 (= b) ¢ = 1578 
LAPB = 49° (= A) ἜΦΗΝ 
.. Solve as in Case ‘4, § 103. τ μ ἘΞ pe 
B+ cC = 180° — 405 
--- 131° 
Formula used. 
-‘B—C το A 
tan —— = SEs cot > 
Substituting 
B-—C 477 
tan—3— = 3633 
log tan 2" — log 477 + log cot 24’ 30’ — log 3633 
= 1-4595 
= log tan 16° 4’ (see working) 


cot 24° 30’ 


B—C = 32° 8’ 
Also B+cC= ]31° 

. 2b = 163° 8’ 

B = 81° 34’ 

2C = 98° 52’ 

C = 49° 26’ 

”. &£PAB = 81° 34’ 
£PBA = 49° 26’ 
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(4) To find AB use the sine rule. 
AB sin 49° 
AP ~ sin 49° 36’ 

‘ 1578 x sin 49° 
ie se ae sin 49° ref "- 
τ = log 1578 + log sin 4 
= — log sin 49° 26’ 
= 3-1952 


AB = 1568 (see working). 


This can be checked by solving 
4 AQB and so obtaining AQ and QB. 


Exercise 26. 


1. A man observes that the angle of elevation of a tree 
is 32°. He walks 80 ft. in a direct line towards the tree and 
then finds that the angle of elevation is 43°, What is the 
height of the tree? 

2. From a point Q on a horizontal plane the angle of 
elevation of the top of a distant mountain is 22°18’. Ata 
point P, 1500 ft. further away in a direct horizontal line, the 
angle of elevation of the mountain is 16°36’. Find the 
height of the mountain. 

3. Two men stand on opposite sides of a church steeple and 
in the same straight line with it. They are 1500 ft. apart. 
From one the angle of elevation of the top of the tower is 
15° a and from the other 28° 40’. Find the height of the 
steeple. 

“<1 man wishes to find the breadth of a river. Froma 

int on one bank he observes the angle of elevation of a 
high building on the edge of the opposite bank to be 31°. 
Bs then walks 110 ft. away from the river to a point in the 
same plane as the previous position and the building he has 
observed. He finds that the angle of elevation of the 
building is now 20°55’. What was the breadth of the 
river? 

5. A and B are two ἄν on opposite sides of swampy 
oo. From a point P outside the swamp it is found that 

‘A is 882 yards and PB is 1008 yards. The angle sub- 
tended at J AB is 55° 40’. hat was the distance 
we ad B a ὕ 80 yards level 

. A and B are two points 1 a on a level piece 

of ground along the of a river. is a post on the 

ο ite bank. It is found that 2ΡΗΒ = 62° and 
ΒΑ = 48°. Find the width of the river. 

7. The angle of elevation of the top of a mountain from 
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the bottom of a tower 180 ft. high is 26° 25’. From the top 
of the tower the angle of elevation is 25° 18’. Find the 
height of the mountain. 

8. Two observers 500 yds. apart take the bearing and 
elevation of a balloon at the same instant. One finds that 
the bearing is N. 41° E. and the elevation 24°. The other 
finds that the bearing is N. 32° E, and the elevation 26° 372, 
Calculate the height of the balloon. 

9. Two landmarks A and B are observed by a man to be 
at the same instant in a line due east. After he has walked 
44 miles in a direction 30° north of east, A is observed to 
be due south while B is 38° south of east. Find the 
distance between A and B. 

10. At a point P in a straight road PQ it is observed that 
two distant objects A and B are in a straight line making 
an angle of 35° at P with PQ. At a point C 2000 yards 
along the road from P it is observed that ZACP is 50° and 
angle BCQ is θά, What is the distance between A and B? 

11. An object P is situated 345 ft. above a level plane. 
Two persons, A and B, are standing on the plane, 4 in a 
direction south-west of P and B due south of P. The angles 
of elevation of P as observed at A and B are 34° and 26° 
respectively. Find the distance between A and B. 

12. P and Q are points on a straight coast line, Q being 
5-3 miles east of P. A ship starting from P steams 4 miles 
in a direction 654° N. of E. 

Calculate: 


(1) The distance the ship is now from the coast-line. 
2) The ship's bearing from 2. 
3) The distance of the ship Q. 


13. At a point A due south of a f ecang stack, the angle 
of elevation of the stack is 55°. From B due west of A, 
such that AB = 300 ft., the elevation of the stack is 33°. 
has at height of the stack and its horizontal distance 
‘onl ? 
14. AB is a base line 500 yards long and B is due west of 


A. At Β ἃ point P bears 65°42’ north of west. The 
bearing of P from AB at A is 44° 15’ N. of W. How far is 
P from A? 


15. A horizontal bridge over a river is 380 ft. long. From 
one end, A, it is observed that the angle of depression of an 
object, P vertically beneath the bridge, on the surface of 
the water is 34°. From the other end, B, the angle 
of depression of the object is 62°. What is the height of 
the bridge above the water ἢ 

16. A straight line AB, 115 ft. long, lies in the same 
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izontal plane as the foot of a church tower PQ. The 
nae of dvaticn of the top of the tower at 4 is 35°. 204 Β 
is 62° and ZQBA is 48°. What is the height of the tower? 
17. A and B are two points 1500 yards apart on a road 
running due west. A soldier at A observes that the bearing 
of an enemy’s battery is 25° 48’ north of west, and at B, 
31°30’ north of west. The range of the guns in the 
battery is 3 miles. How far can the soldier go along the 
road before he is within range, and what length of the road 
is within range? 


CHAPTER X 
CIRCULAR MEASURE 


113. In Chapter I, when methods of measuring angles were 
considered, a brief reference was made to “‘ circular measure ” 
§ 6 (c)), in which the unit of measurement is an angle of 
xed magnitude, and not dependent upon any arbitrary 
division of a right angle. We now proceed to examine this 
in more detail. 


114. Ratio of the circumference of a circle to its diameter. 


The subject of “ circular measure” frequently presents 
difficulties to the young student. In me to τὰ it as 
simple as possible we shall assume, without mathematical 
proof, the following theorem. 

The ratio of the circumference of a circle to its diameter 
is a fixed one for all circles. 


This may be expressed in the form: 
Circumference 
diameter 


It should, of course, be noted that the ratio of the cir- 
cumference of a circle to its radius is also constant and the 
value of the constant must be twice that of the circum- 
ference to the diameter. 


115. The value of the constant ratio of circumference to 
diameter. 


The student who is interested may obtain a fair approxi- 
mation to the value of the πέτρους by various Saco 
experiments. For example, he may wrap a thread round 
a cylinder—a εν» bottle will do—and so obtain the length 
of the circumference. He can measure the outside dia- 
meter by callipers. The ratio of circumference to diameter 
thus found will probably give a result somewhere about 3.14. 
* He can obtain a much πιοτὸ accurate result by the 
method devised by Archimedes, The perimeter of a regular 
polygon inscribed in a circle can readily be calculated. The 
sand ir of a corresponding escribed polygon can also 

obtained. The mean of these two results will give an 
approximation to the ratio. By increasing the number of 
a still more accurate value can be obtained. 
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= a constant. 
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This constant is denoted by the Greek letter = (pro- 
nounced “ pie ”’). 
circumference _ 


Hence since ane 
.. circumference = x x diameter 
or c= 
where ¢ = circumference and r = radius. 


By methods of advanced mathematics x can be cal- 
culated to any required degree of accuracy. 
To seven places 
w = 3°1415927 ... 


For many purposes we take 
x= 3.416 
Roughly m= 2 ; 
It is not possible to find any © 
arithmetical fraction which 
exactly represents the value 
of m. Hence x is called “ in- 
commensurable”’ 


Fic. 91. 


116. The unit of circular measure. 


As has been stated in § 6(c) the unit of circular measure 
is the angle subtended at the centre of a circle by an arc 
whose length is equal to that of the radius. 

Thus in Fig. 91 the length of the arc AB is equal to r, the 
radius of the circle. The angle AOB is the unit by which 
angles are measured, and is termed a radian. 

Definition of a radian. 

A radian is the angle subtended ai the centre of a circle by an 
avc equal in length to the radius. 

Note that since 

the circumference is πὸ times the diameter 
the semicircular arc is τὸ times the radius 
or arc of semicircle = zr. 

yy Theorem 17, § 18. 

Τ les αἱ the centre of a circle ave proportional to the 
arcs on which they stand. 

Now in Fig. 91 the arc of the semicircle ABC subtends 
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two right angles, and the arc AB subtends | radian and as 119. To convert degrees to radians. 
semicircle arc is πὶ times arc AB Since 180° = x radians 


angle subtended by the semicircular arc is π᾿ times 


the angle subtended by arc AB. oy? = 150 radians 


4.6. 2 right les = π radians « 
or 180° = π radians, and θ᾽ = (9 Χ 18) radians, 
117. The number of degrees in a radian. 120. To find the length of an arc. 
As shown above x radians = 180° Let e= length of arc. 
. 9 et 180° and θ = number of radians in angle. 
oe (i = τς Then as shown in § 118 
= 57-2958° approx. cc. Meee | 
* | radian = 57° 17° 45" sli 4 τ το χα number of radians in the angle the arc subtends. 
118. The circular measure of any angle. - : =6 ( 118) 
and a= τϑ. 


121. In more advanced mathematics, circular measure is 

always employed except in ps in μόρον, for a 
urposes, we require to use degrees. nsequently when 

we of ane le 6, it is generally understood that we 

are speaking of radians. Thus when: referring to x 

| radians, the equivalent of two right angles,.we commonly 
| — of the angle x. Hence we have the double use of 


the symbol: 
(1) As the constant ratio of the circumference of a 
ircle to its diameter ; 
| ma) As short for x radians, i.e. the equivalent of 180°. 
Fic. 92. In accordance with this use of x, angles are frequently 
expressed as multiples or fractions of it. 
In a circle of radius r, Fig. 92, let AOD be any angle and Thus ῶπ = 360° 
let ZAOB represent a radian. | π᾿ 90» 
length of arc AB = γ. | 5 
=? LAO π 
Number οἱ radians in ZAOD = ΖΔΕ i= 45° 
ee By Theorem 17 quoted above π ἘΞ 60° 
ZAOD _ arcAD 3 
ZAOB ~ arc AB ee 
Tf 6 = number of radians in ZAOD 6 | 
then 9 — arc AD n is not usually evaluated in such cases, éxcept for some 
| ay ve special purpose. 
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Exercise 27 
I. What is the number of degrees in each of the following 
angles expressed in radians: =, * Sr 2n 3x 


eI ss z' 
2. Write down from the tables the following ratios: 
(a) sin = (ὃ) cos = (c) sin τ 
(@) cos = (e) sin [Ξ + τ} 


_ 3. Express in radians the angles subtended by the 
following arcs: 
i arc = 11-4 ins., radius = 2-4 ins. 
δὴ arc = 5-6 cms., radius = 2-2 cms. 
4, Express the following angles in degrees and minutes: 
(2) 0-234 radian. (6) 1-56 radian, 
Ph Express the following angles in radians, using fractions 
of r: 
(2) 15°. (b) 72°. (c) 66°. (4) 108°. 
6. Find the | of the arc in each of the owing 
ae ength ο following 


y = 2-3 ins., 6 = 2-54 radians, 
2) y= 12-5 ft., 6 = 1-4 radians. 

7. A circular arc is 12 ft. 10 ins, long and the radius of 
the arc is 7 yards, What is the angle subtended at the 
centre of the circle, in radians and degrees? 

ὰ 8. Express a right angle in radians, not using a multiple 

Tw. 

9. The angles of a triangle are in the ratio of 3: : δ. 
Kian tek oy a 


CHAPTER ΧΙ 


TRIGONOMETRICAL RATIOS OF ANGLES OF ANY 
MAGNITUDE 


122. In Chapter III we dealt with the trigonometrical 
ratios of acute angles, #.e. angles in the first quadrant. In 
Chapter V the definitions of these ratios were extended to 
obtuse angles, or angles in the second quadrant. But in 
mathematics we generalise and consequently in this chapter 
we proceed to consider the ratios of angles of any magnitude. 

In § 5, Chapter I, an angle was defined by the rotation of 
a straight line from a fixed position and round a fixed 
centre, and there was no limitation as to the amount of 
rotation. The rotating line may describe any angle up 
to 360° or one complete rotation, and may then proceed to 
two, three, four—to any number of complete rotations in 
addition to the rotation made initially, 


123. Angles in the third and fourth quadrants. 


We will first deal with angles in the third and fourth 

uadrants, and thus include all those angles which are less 

n 360° or a complete rotation. 

Before proceeding to the work which follows the student 
is advised to revise § 68, in Chapter V, dealing with positive 
and negative lines. 

In §70 it was shown that the ratios of angles in the 
second quadrant were defined in the same fundamental 
method as those of angles in the first quadrant, the only 
difference being that in obtaining the values of the ratios 
we have to take into consideration the signs of the lines 
a t.e. whether they are positive or negative. 

t will now be seen that, with the same attention to the 
signs of the lines, the same definitions of the trigonometrical 
ratios will apply, whatever the quadrant in which the 
angle occurs. a ᾿ 5 , 

n Fig. 93 there are shown in separate diagrams, angles in 
the four quadrants. In each case from a point P on the 
rotating line a perpendicular PQ is drawn to the fixed line 
OX, produced in the cases of the second and third a 

Thus we have formed, in each case, a triangle OPQ, using 
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the sides of which we obtain, in each quadrant, the ratios 
as follows, denoting ZAOP by 0. 
Then, in each quadrant 


RS 
sin θ = 55 

= OF 

cos 8 OP 

tan 0-= ἐπ 

0g 

We now consider the signs of these lines in each quadrant. 


(1) In the first quadrant. 


All the lines are +-ve. 
ts the ratios are +e. 


(2) In the second quadrant. 
OQ is —ve 
.. sinOis +ve 
cos § is —ve 
tan 0 is —ve 
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(3) In the third quadrant. 
OQ and PQ are —ve 
- sin θ is —ve 
cos § is —ve 
tan 0 is Ἔνθ 
(4) In the fourth quadrant. 
PQ is —ve 
.. sin@is —ve 
cos #@is +ve 
tan § is —ve 
Note.—The cosecant, secant and tangent will, of course, 
have the same signs as their reciprocals. These results may 
be summarised as follows: 
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Quadrant Il Quadrant | 
, sin, +ve|sin, +ve 
sine + 4 cos, —ve| cos, te } all + 
tan, —ve| tan, +ve 
Quadrant Ill Quadrant IV 
sin, —ve|sin, —ve 
tan -+- {τος —ve | COs, Ἔνο ἢ cos + 
tan, Ἔνθ] tan, —ve 


124. Variations in the sine of an angle between 0° and 360°. 


These have previously been considered for angles in the 
first and second quadrants. Summarising these for com- 
pleteness, we will proceed to examine the changes in the 

| third and fourth quadrants. 

| Construct a circle of unit radius (Fig. 94) and centre O, 

| Take on the circumference of this a series of points P,, Py. 
P, ... and draw perpendiculars to the fixed line XOX" 
Then the radius being of unit length, these 0 ee 
in the scale in which OA represents unity, will represent the 
sines of the corresponding angles. 

By observing the changes in the lengths of these per- 

iculars we can see, throughout the four quadrants, the 
changes in the value of the sine. 


In quadrant | 
sin 6 is +ve and increasing from 0 to 1, 


In quadrant Il 
sin θ is +-ve and decreasing from 1 to 0. 
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125. Graphs of sin 0 and cosec 6. 


By using the values of sines obtained in the method 


shown a 
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In quadrant Ill 
sin 0 is —ve, 


Now the actual len 
but as the 


decreas 
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h the four 


g. 95, together with that of 
ich throug 


es in wh 


Β 


it is shown. ἱπ Fi 


bove (Fig. 94) or by taking the values of sines from 
cosec § (dotted line) the chan 


the tables, a graph of the sine between 0° and 360° can now 


be drawn. 


increasing, 
y 


of the sine is actual] 


hs of the perpendiculars is 


y are —ve, the value 


gt 
ing, and at 270° is equal to — 1. 


05. 


FIG. 
Graphs of sin @ and cosec 8, 
(Cosec § is dotted.) 


See BERBER Eee 
SSeS PEPE Ν' δα δ᾿ Ὲ ΠῚ Pee 
ERR ER RRR ERR ΔΙ ΥΓ11Ὶ 
SERBS Ν᾿ "αὶ "αὶ ΒΙ Κ΄ δὲ δαὶ δὶ Ν᾿ 1 ἴ ΙΝ ἃ δ ΚΒ Ν' 


student should compare the two graphs, their signs, their 


quadrants can be deduced from those of the sine, The 
maximum and minimum values, etc. 


.. The sine decreases in this quadrant from 0 to — |. 


gle between 0° and 


360°. 


126. Variations in the cosine of an an 
If the student will refer to Fi 


94, he will see that the 


ine by the perpendiculars 
. . will represent, in the 


ὅ. 


ed 
ts" unity, the cosines of the 


» viz. OQ,, 


corresponding angles 


ining these we see 


pted on the fix 
hich OA re 


distances interce 
1s P. 
nw 


from P 
seale i 


sin 0 is —ve. 


The lengths of the perpendiculars are decreasing, but as 


In quadrant IV 


The cosine is -+ve and decreases from 1 to 0. 


(1) Im quadrant I. 


their values are increasing and at 360° the 


sine is equal to sin 0° and is therefore zero. 


sin 6 is increasing from — | to 0, 


they are —ve, 
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(2) In quadrant Il. 
The cosine is always —ve and decreases from 0 to — 1. 
(3) In quadrant Ill. 
The cosine is —ve and always Increasing from — 1 to 0 
and cos 270° = 0. 
(4) In quadrant IV. 


The cosine is +ve and always increasing from 0 to + 1 
since cos 360° = cos 0° = 1. 


SSE aae 
ert TMT 
EEEES Ἅ 


80" ἘΡ  ἘΕΞ 


Graphs of cos θ and sec θ (dotted curve). 


127. Graphs of cos 6 and sec 0. 


In Fig. 96 is shown the graph of cos 8, which can be drawn 
as directed for the sine in § 125. The curve of its reciprocal, 
sec 0, is also shown by the dotted curve. These two curves 
should be compared by the student. 


128. Variations in the tangent between 0° and 360°. 


The changes in the value of tan 0 between 0° and 360° 
can be seen in Fig. 97, which is an extension of Fig. 39, 
The circle is drawn with unit radius. 
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From A and A’ tangents are drawn to the circle and at 
right les to XOX’. 
Considering any angle such as AOP,, 


tan AOP, = 74 = “34 
uently P,A, PA, P,A’, yal 


Bos ἀσρον the 
nagar value of the tangent of the correspon angle. 
But account must be of the sign. 


—— = P,A 


Fic. 97. 


In quadrants IT and III, the denominator of the ratio 
is — 1 in numerical value, while in quadrants III and IV 
the numerator of the fraction is —ve. 

Consequently the eg peer is +ve in quadrants I and III 
and —ve in quadrants I ν. 

Considering a particular τὰ viz. the ΖΑΌΡ, in the 
quadrant III 


tan A'OP, = =e 


2 ¥ tan 0 is -+-ve and is represented numerically by 


160 TEACH YOURSELF TRIGONOMETRY 


From such observations of the mars, values of tan 6 
ey reese Sa eae. Kee determined as 


(1) “ quadrant | 
tan 0 is always -++ve and increasing, 
It is 0 at 0° and —»o at 90°. 
(2) In quadrant Il | 
tan 0 is always —ve and increasing 
from — οὐ at 90° to 0 at 180°. 


Note.—When 6 has increased an infinitely small amount 
above 90°, the tangent becomes —ve. 


Ι ὁ 8 Ε ft ge Ε α 1Ὲ 1 ! 
TE Pee Te ΓΤ 1111: 


Fic. 98. 


Graph of tan 6 and cot 6 (dotted line) 


(3) In quadrant Ill 
tan 0 is always +ve and increasing, 
At 180° the tangent is 0 and at 270° tan 8+. | 
(4) In quadrant IV 
tan 6 is always —ve and increasing 

from — οὐ at 270° to 0 at 360°. 


129. Graphs of tan 6 and cot 0. 


In Fig. 98 are shown the graphs of tan ᾿ and cot θ (dotted 
curve) for values of angles between 0° and 360°. 
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130. Ratios of angles greater than 360°. 


Let ZAOP (Fig. 99) be any angle, 0, which has been 
formed by rotation in an anti-clockwise or positive direction 
from the position OA. 

Suppose now that the rotating line continues to rotate 
in the same direction for a complete rotation or 360° from 
OP so that it arrives in the same position, OP, as before. 
The total amount of rotation from OA is now 360° + 0 
or (2x + 0) radians. 

learly the trigonometrical ratios of this new angle 
2x + 0 must be the same as 0, so that sin (2x + 6) = sin 0, 
and so for the other ratios. 

Similarly if further complete rotations were made so 
that angles were formed such as ἀπ + 6, 6n + 6, etc., it is 
evident that the trigonometrical ratios of these angles will 
be the same as those of 0. 


161 


Fic. 99. 


Turning again to Fig. 99 it is also evident that if a com- 
plete rotation were made in a clockwise, t.e. negative, direc- 
tion, from the position OP, we should have the angle 
—2x+06. The ee ra: ratios of this angle, and 
also such angles as — ἀπ -+- 0, — 6x Ἔ 0, will be the same 
as those of θ. 

All such angles can be included in the general formula 


2nr -+- 0 


where δ΄ π᾿ is any integer, positive or negative. 

Referring to the graphs of the ratios in Figs. 95, 96 and 98, it 
is clear that when the angle is increased by successive 
complete rotations, the curves as shown, will be repeated 
either in a positive or a negative direction, and this can be 
done to an infinite extent. 

Each of the ratios is called a ‘ periodic function ” of the 
angle, because the values of the ratio are repeated at inter- 
πες of ὃπ radians or 360°, which is called the period of the 

unction. 


F—TRIG, 
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131. Trigonometrical ratio of — 6. 

In Fig. 100 let the rotating line OA rotate in a clockwise, 
t.e. negative, direction to form the angle AOP. This will 
be ax negative angle. Let it be represented by — 0. 


angle AOP’ be formed by rotation in an anti- | 


clockwise i.e. +-ve direction and let it be equal to 6. 
Then the straight line P’MP completes two triangles. 
OMP and OMP’ 
These triangles are congruent (Th 
angles OMP, OMP’ are equal and .", right angles. 


”. sin (— 6) = — sind 
fein OM OM 
Similarly cos (— 6) = OP ~oP= cos 6 
Similarly tan (— 0) = — tan0 
Collecting these results, 
sin (— θ) = — εἴη θ 
cos (— 6) = cos 0 
tan (— 0) = — τὰ θ 
By these results the student will be able to construct the 
curves of sin§, cos@ and tan @ for —ve angles. He will 
see that the curves for —ve angles will be repeated in the 
opposite direction. 


132. To compare the trigonometrical ratios of 6 and 
180° +6. ᾿ 


Note.—If 6 is an acute angle, then 180° + 6 or x + 6 is 
an angle in the third quadrant. 


‘heorem 7, : 13) and the 
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In Fig. 101 with the usual construction let ZPOQ be 


any acute angle, 0. 


t PO be produced to meet the circle again in P’, 
Draw PQ and P’Q’ perpendicular to XOX’. 
Then ZP'0Q’ = ZPOQ=96 (Theorem I, § 8) 


and ZAOP’ = 180° + 6. 


Fic. 10}. 


The As POQ, P’OQ’ are congruent 


and {Ob mas OG 


Now ; βίη θ = δῇ 
and sin (180° +- 6) = sin AOP’ 


rg’ πῶ ἢ ‘eile - 

τὰ} ὦ =e sin 6 
ἦς sin@ = — sin (180° + 6) 

similarly cos 0 = — cos (180° + 6) 

and tan 8 = tan (180° + 6) 


133. To compare the ratios of 0 and 360° — 0. | 

Note.—If 8 is an acute angle, then 360° — 6 is an angle 
in the fourth quadrant. | 

In Fig. 102 if the acute angle AOP represents θ then the 
re-entrant angle AOP, shown by the dotted line represents 
360° — 6. 

The trigonometrical ratios of this angle may be obtained 
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the same as those of — θ (see § 13 
.. using the results of § 131 we have 
sin (360° — 6) = — sin® 
cos (360° — 6) = cos 0 
tan tan (360° — 6} 


from the sides of the Δ OMP in the usual way and will be 
1). 


= — tan6 


Fic. 102. 


134. It will be convenient for future reference to collect 
some of the results obtained in this chapter, as follows 
sin § = sin (x — 0) = — sin (x + 6) = — sin (2x — 0) 
= — sin (— 6) 
cos § = OO νυ ee a σον ἢ 
== cos (— 0 
tan (x + 6) = — tan (2m — 6) 
| = — tan (— 6) 
135. It is now ible, by use of the above results and 
using the tables of ratios for acute angles, to write down the 
iss ay omen ratios of angles of any magnitude. 


few examples are given to illustrate the method to be 
employed. 


tan® = — tan (π — 0) = 


Example |. Find the value of sin 245°. 


We first note that this angle is in the third quadrant 
.. its sine must be negative. 
Next, by using the form of (180° + 6) 
sin 245° = sin (180° - 65°) 
Thus we can use the appropriate formula of § 134, viz. 
sin § = — sin (π + 8) 
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Consequently 
sin rT ee 
— 0-9063. 
— 2. Find the value of cos 325°. 
le is in the fourth quadrant and so we use the 
Pies or values of 360° — θ (see ὃ 133). 
| In this quadrant the cosine is always -+-ve 
cos en —— — 35°) 


-- = 08 8192. 
Example 3. Find the value of tan 392°. 
This angle is greater than 360° or one whole revolution. 
.. tan 392° = tan (360° + 32°) 
; = tan 32° 
= 0-6249. 
Example 4. Find the value of sec aa 
This angle is in the third quadran 
.. we use the formula sonascted with (π + 6) (see ὃ be α 
Also in this quadrant the cosine, the reciprocal o 


secant is —ve. 
sec 253° = sec soy + 73°) 


(§ 133) 


= — sec 7 
= — 3- 003, 
Exercise 28 


1. Find the sine, cosine and tangent of each of the follow- 
ing ia 


a δὴ 201° 13’, 
3 ae aes ‘3 343° 8’, 

* wie ee egy cos (— 42°). 
τῶ sin 138). (@) cos (— 2604, 
“Ὃ ὁ ὡς al ) sxe 30, 

4, ris got 821... of: se abl 


@) sin (x + 57°). 2x — 42°). 
Δ) tan (a+ 6). (δ sin (dr Ὁ 86). 
136. To find the angles which have given trigonometrical 
» Fatios. 
(2) To find all the angles which have 
cosecant). 
We have already seen in § 73 that corresponding to a 
hv tackac tae enras vac ancien 6 and 180° — 0, where 9 is 


a given sine (or 
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the acute angle whose sine is given in the tables. Having 
now considered angles of any magnitude it becomes necessary 
to discover what other angles have the given sine. 

An examination of the graph of sin 6 in Fig. 95 shows that 
only two of the angles less than 360° have a given sine, 
whether it be ΤΣ or negative, the two already men- 
tioned above if the sine is +ve, and two in the third and 
fourth quadrants if it be —ve. 

But the curve may extend to an indefinite extent for 
angles greater than 360°, and for negative angles, and every 
section ipa peer to each additional 360°, positive or 
negative, will be similar to that shown. Therefore it follows 
that there will be an infinite number of other angles, two 
in each section which have the given sine. These will occur 
at intervals of 2x radians from those in the first quadrant. 
There will thus be two sets of such angles. | 

(1) 0, 25 + 0,42 +6,... 

(2) x — 0, 3x — 0, 5h — 0, ... 

These two sets include all the angles which have the given 
sines. They can be summarised as follows: 

δ (any even multiple of πὶ + 0. 

2) (any odd multiple of πὶ — 8. 


These can be combined together in one formula as follows: 
Let » be any integer, positive or negative. 
Then sets (1) and (2) are contained in 
Ἠπν (— 1)"6 
The introduction of (— 1)* is a device which ensures 
that when » is even, t.e. we have an even multiple of x, 


(— 1)*=1 and the formula becomes mx +0. When 
ἢ ts odd (— 1)" = — 1 and the formula becomes mx — 0. 


.. the general formula for all angles which have a 
given sine is 
mr + (— 1)*0 


where # is any integer -+ve or —ve, and 0 is the smallest 
angle having the given sine. 
Lhe same formula wil clearly hold also for the cosecant. 


(ὃ) To find all the angles which have a given cosine 
(or secant). 


Examining the graph of cos 6 (Fig. 96), it is seen that 
there are two angles between 0° and 360° which have a given 
cosine which is +ve, one in the first quadrant and one in 
the fourth. If the given cosine is —ve, the two angles lie 
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in the second and third quadrants. These two angles are 
expressed by θ and 360° — 0. 
or θ and 2x — 0 in radians. 

As in the case of the sine for angles greater than 360° or 
for negative angles, there will be two angles with the given 
sine in the section corresponding to each additional 360°. 

There will therefore be two sets: 

(1) 6, 2n + 0,47 +6, ... 
(2) 2 — 0, ἐπ — θ, θπ —0,... 
These can be combined in one set, viz. : 
(any even multiple of x) + 9 
or if nm be any integer, positive on negative, this can be 
expressed by 
2nn + 0. 

.. the general formula for all angles with a given 

cosine is: 
2nn + 0. 

The formula for the secant will be the same. 

(c) To find all the angles which have a given tangent 
(or cotangent). 

An examination of the graph of tan 9 (Fig. 98), shows 
that there are two angles less than 360° which have the 
same tangent, viz. : 

θ and 180° + 6 
or Qand xr+0 

As before, there will be other angles at intervals of 2x 
which will have the same tangent. us there will be two 
sets, Viz. : 

0, 2. +6, ἀπ +90,... 
x+06, 3x +0, ὅπ +06,... 

Combining these it is clear that all are included in the 
general formula 

(any multiple of πὶ + 6 
”. Ifmn be any integer, positive or negative, 


The general formula for all ri iB with a given tangent is 
nr +- 
The same formula holds for the cota 


Exercises which involve the use ὁ 
occur in the next chapter. 


these formulae will 


CHAPTER ΧΙ 
TRIGONOMETRICAL EQUATIONS 


137. TRIGONOMETRICAL equations are those in which the 
unknown quantities, whose values we require, are the 
trigonometrical ratios of angles. The angles themselves 
can be determined when the values of the ratios are known. 

The actual form which the answer will take depends on 
whether we require only the smallest angle corresponding 
to the ratio, which will be obtained from the tables, or 
whether we want to include some or all of those other 
angles which, as we have seen in the previous chapter, have 
the same ratio. 

This can be shown in a very simple example. 

Example. Solve the equation 2 cos 0 = 0-842. 


(1) The smallest angle only may be required. 


Since 2cos 6 = 0-842 
. cos 0 = 0-421 
From the tables 6 = 65° 6’. 


(2) The angles between 0° and 360° which satisfy the 
equation may be required. 


As we have seen in § 136(b) there is only one other such 
angle, in the fourth quadrant. 

It is given by 2z — 6 or 360° — 0 

.. This angle = 360° — 65° 6’ = 3045 54’. 

.. The two solutions are 65° 6’ and 294° 54’. 


(3) A general expression for all angles which satisfy the 
equation may be required. 

In this case one of the formulae obtained in the previous 
chapter will be used. | 

us in § 136(5) all angles with a given cosine are included 
in the formula 
2nx + 6 

In this example 6 = 65° 6’. 

.. The solution is 227 + cos! 0-421. 

The inverse notation (see § 74) is used to avoid the 
incongruity of part of the answer 27 being in radians, and 
the other in degrees. 

168 
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138. Some of the different types of equations will now be 
consid 
(a) Equations which involve only one ratio. 
_ The example considered in the previous ph is the 
simplest form of this type. Very little manipulation is, as a 
rule, required unless the equation is quadratic in form. 


Example. Solve the equation 
6 sin? 0 —7sin6+2=0 
for values of θ between 0° and 360°. 


Factorising 
(3 sin θ — 2)(2sin6 — 1)=0 
whence 3sin§—2 = 0 1) 
or 2 5ὶπθ -- 1 Ξε ῦ tS 
From (1) sin 0 := § = 0-6667 


.. from the tables 
θ = 415 49’, 
The only other angle less than 360° with this sine is 
180° — 0 = 138° Il 


sin θ = 
bap τὰ ae ni 
and the other angle with this sine is 180° — oop 


From (2) 


.. the complete solution is 
40° 47", Tae 10", 30", 505. 
_ Note.—If one of the values of sin§ or cos θ obtained 
in an equation is numerically greater than unity, such a root 
must be discarded as impossible. Similarly values of the 
secant and cosecant less than unity are impossible solutions 
from this point of view. 

(c) Equations containing more than one ratio of the 
angle. 

Manipulation is n to replace one of the ratios 
by its equivalent in terms of the other. To effect this we 
must use an appropriate formula connected with the ratios 
such as were proved in Chapter IV. 

Example |. Obtain a complete solution of the equation 

3 sin θ = 2 cos? 6, 

The best plan here is to change cos* θ into its equivalent 

value of sin®. This can be done by the formula 
sin? 0 + cos? 0 = 1 
whence cos? §@ = 1 — sin? 4 
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Substituting in the above equation 
3 sin § = 2(1 — sin? 6) 
”. 2sin?@ + 3sin§ —2=0 


Factorising, 
(2 sin 9 — 1)(sin0 + 2) = 0 
whence sinO+2=0 (1) 
or Z2sinO—1l=0 (2) 
From (1) sin@= — 2 


This is impossible, and therefore does not provide a 
solution of the given equation. 


From (2) 2sin0= 1 
ἣν sin) = 4 
Tae smallest angle with this sine is 30° or 3 radians. 
Using the general formula for all angles with a given 
sine, viz. : 
nr +- (— 1)*6 
The general solution of the equation is 


me ἾΝ 


Example 2. Solve the equation 
sin 20 = cos? 0 


giving the values of 0 between 0° and 360° which satisfy 
the equation. 


Since sin 20 = 2sin 6 cos 6 (see § 83) 
*, 2sin 0 cos 6 = cos? 
Hence cos 60 = 0 1) 
r 2 sin θ = cos 0 2) 
From (1) § = 90° or 270° 
From (2) 2 sin 9 = cos 6 
re tan§@ = 1 
and tan 6 = 0°5 
whence θ = 26° 34’ 
Also tan 0 = tan (180° + 6) (see § 132) 
.. The other angle less than 360° with this tangent is 
180° +- 26° 34’ 
= 206° 34’ 


The solution is 0 = 26° 34’ or 206° 34’. 
mts “ee required solution is 0 = 90°, 270°, 26° 34’ or 
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139. Equations of the form 
acos6§8+bsinO= δ. 
where a, ὃ, ὁ are known constants, are important in electrical 
work and other applications of trigonometry. 
This could be solved by using the substitution 
cos @ = V1 — sin? 6 
but the introduction of the square root is not satisfactory. 
We can obtain a solution more readily by the following 
device. 
Since a and b are known it is always possible to find an 
angle «, such that 


ἴδῃ α = ξ 
as the tangent is capable of having any value (see graph, 


Fig. 98). 
Let 1 BC (Fig. 103) be a right-angled A in which the 
sides congaining the right angle are a and ὃ units in length. 


IFric, 103. 


Then tan ABC = ; 
*, ZLABC—e@ 
By the Theorem of Pythagoras: 
AB = Va? + 6? 
a 
ν αἱ + 6b 
b 
i gene fa cos & 
in the equation 
acos§+bsind=c 
Divide throughout by Va? + δὲ 
a b c 


rte poy: ona δε ,. —°™ Vai + δ 


= sing 


and 
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.. sinacos6@ + cos«sin 0 = ————_ 
» va? + 53 


Now va can be evaluated, since a, b, ὃ are known 


and epee it is less than unity it is the sine of some angle, 
say β. 
“ OQ+a=-8 
and θ--β-ἃἀὰ 
Thus the least value of 0 is determined. 


Example. Solve the equation 
3 cos) + 4sin8 = 3-5 

In this case a=3,b=4, 

. Vat+b? = νῦ + 16 = 5. 

Thus tana = ὃ, sina =?, cosa =? and « = 36° 52’ 
(from the tables). 

.. Dividing the given equation by 5 

$cos§8 - ¢sin6 = se 
”. sinacos6@ + cosasin§ = 0-7 
sin (0 + a) = 0-7 
But the angle whose sine is 0-7 is 44° 25’, 
““ O +a = 44° 25’ 
or 0 + 36° 52’ — 44° 25° 
ee θ = 44° 25’ — 36° 52’ 
= J° 33’. 
139. Variations of a cos 6 + b sin 0. 

This expression is an important one in its application, and 
the be ar roneseegtnatea of its ifiation pee have to 
be studied by some students. Its variations of the ex- 
pression may be best studied by using, in a modified form, 
= device opt tag above. 

y means o reasoni ven in the previous para- 
graph, the expression can ᾿ς, ὕλαις in the Gen 
Va? + GF {sin (0 + a)} 
By assigning different values to θ, the only variable in 


the expression, the variations can be studied ) 
coristeneted. oe a 


* 
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Exercise 29 


1. Find the angles less than 360° which satisfy the 
following equations: 
( sin θ = 0-8910. 2) cos 0 = 0-4179. 
3) 2tan 6 = 0-7. (4) sec 0 = 2-375. 
2. Find the angles less than 360° which satisfy the 
following equations: 
(1) 4 οοβ 30 -- 3 τε, θΘ. (2) 3sin 20 = 1.8. 
3. Find the angles less than 360° which satisfy the 
following equations: 
ριον ἐπα ee (3) 4 οο5θ = 8 ἐδπθ. 
3) 8 οὐο8580θ + 5sin?6=—4. (4) 4 οο5θ = 8 5ες θ, 
4. Find the angles less than 360° which satisfy the 
following equations: 
1) 2tan?*6— 3tan6+1=0. 
δ 5 tan? @ -- sec? @ = 1]. 
3) 4sin? 6 — 3cos 6 = 1-5. 
‘4 sin θ + sin? 6 = 0. 
5. Find general formulae for the angles which satisfy the 
following equations: 
1) 2cos 0 — 0-6578 = 0, 
2) $sin 20 = 0-3174, 
3) cos 20 + sin§ = 1. 
4) tan + cot 6 = 4. 
6. Find the smallest angles which satisfy the equations: 
(1) sin θ + cos 6 = 1-2. 
2) sin@ — cos θ = 0-2. 
3) 2cos 0 + sin θ = 2:1. 
(4) 4cos 0 + 3sin@ = 5. 


SUMMARY OF FORMULAE 


1. Complementary angles. 
sin θ = cos (90° — 6) 
cos § = sin (90° — 6) 
tan 0 = cot (90° — 6) 
2. Supplementary angles. 
sin§ = sin (180° — 6) 
cos ξΞ — cos (180° — 6) 
tan = — tan (180° — 0) 
3. Relations between the ratios. 
tan § = =? 
~ cos 6 
sin? 0 + cos? 0 = 1 
tan? § - 1 = sec? 0 
cot? 0 + 1 = cosec? 9 
4, Compound angles. 
sin (A + ΠῚ = sin A cosB + cosdA βίη Β 
sin (A — B) = sin A cos B — cosA sm B 
cos (A + B) = cosA cos B — sin A sinB 
cos (4 — B) = cosA cosB + sin A sinB 
3 tanA + tanB 
tan (ἡ ὁ 5) = Fad tan 
tandA — tanB 
tan (4 το 2) eT tek 
sin P + sin Q = 2 sin Ἐπὶ 9 cos ἔτ 9 
sin P — sin Q = 2cos $2 sin Ἐ--9 
cos P + cosQ = 2cos PTY cos 51:9 


2 2 
cos0 — cos P= asin +2 sin =f 
5. Multiple angles. 
sin 20 = 2sin6cos6 
cos 20 = cos? § — sin* 0 
= 2cos? 6 — 1 
= 1 — 2sin?*0 
or cos? § = $(1 + cos 26) 
sin? §@ = i - νη 20) 
2 tan 
tan 20 = ἘΞ το ΣΕἢ 
174 
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6. Solutions of a triangle. 
Case |. Three sides known, 


b? + c®? — a? 
aaa 


Il. cosd = (if a, δ, ¢ are small) 


2. tan 4 = JES (for use with logs) 


s(s — @) 
sing = [33 Ξ9 
_4_ fine 
ey [ἘΞ3 
sind = νεῖ: -Ξ ae HS — δ. 


Case Il. Two sides and contained angle known. 


Case lll. Two angles and a side known, 
sind _sinB πὸ 
a b c 
7. Ratios of angles between 0° and 360°. 
sin § = sin (x — 0) = — sin (x + 6) = — sin (2x — 
cos = Sine — cos (x + 8) = cos (2π — 
tan = — tan (x — 6) = tan (x + 0) = — tan (2x — 6) 
8. Katios of θ and — 6, 
sin § = — sin (— 6) 
cos 0 = cos (— 0) 
tan 0 = — tan (— 6) 
9, General formulae for angles with the same ratios as 0, 
sine nr + (— 1)"0 
cosine 2ur +: 0 
tangent nz + 0 
10. Circular measure. 
1 radian = 57° 17’ 45° (approx.) 
To convert degrees to radians. 
Τὸ . 
θ᾽ = (o x 130) radians. 


Length of an arc. 
a = #6 (6 in radians), 


LOGARITHMS of numbers 100 to 549 | LOGARITHMS of numbers 550 to 999 


Proportional Parts | 


Hy} 2ja} 4|6|[4|7|86| 312 2[454|]78 lo 23|456l7 89 
| 10 0043 | 0086 | 0128| Ο170 0212 0253 0294. 0334 0374} 4 8 12 17 21 25 29 33 37} τς ore F ss ala Paleo a 
14 | 0414 | 0453 | 0492 0531 0569 0507 | 0645 | 0682 0719 0755] 4 8 ἘΠ 19 23 26 30 34} ςς v7 , a als ΣΝ 
} 12 0828 | 0864 | 0899] 0934 | 0969 1004} 1038 | 1072/1106) 3 7 10/14 17 21 24 28 311} 57 7559 1221345 7 
132 1173 | 1206] 1239 1271} 1303 1335 1367) 1339} 1.30] 3 ὁ 1013 16 19/23 26 29) sa | 7634 1121344 : : = 
a 1492 | 1523 | 1553) 1584) 1614. 1644) 1673) 1703] 1732] 3 6. 9/12 15 18] 21 24 17 ἢ ςφ | 7799 sata « ate Ἐν 
) 1s 1790 | 1818 | 1847 1875 | 1903 | 1931 | 1959) 1967) 2014) 3 ὁ &/11 14 17 0 22 2 7782 
| 16 | 2044 | 2068! 2095 | 2122| 2148| 2175 220] 2227 2253 2279] 3 5. 8 11 13 16/16 21 24] Mey 7883 ΣΥΝ 
Ι7 2330 2355 230 2405 | 2430 | 2455 | 2480 2504/2529] 2 5 7/10 12 15) 17 20 221 go 7924 8 ig he: mle baer aa 
18 2577 | 2601 | 2625 | 2648 2672) 2695| 2718 | 2742) 2765) 2 5. 7). 9 12 14/16 19 2H | 9591 iy ate galled 4 
19 2810 | 2833 | 2856 2878 = 2945 "δὶ γᾷ 1.4. 1 911 193 16 18 20} 64 | 962 1 2ahe 80 
0 3032 3054. 3075 | 3096 3118. 3139 3160 3181 3201} 4 6] 811 13 15 17 19] ες 41) | 
: 65 | 8129 . 
ΕἾ 3243) 3263 3284. 3304. 3324. 3345 3365. 3385 3404. 2 4 6| 8 10 12 μ]4 16 18] ge δος ΟΦ ΡΤ Se 
22 3444 | 3464. 3483 | 3502 3522 3541) 3560 3579 | 3598 2-4 6] 8 1012 14 15 17} gy 522] ἡδόνο, oe 
͵ 23 3636 | 3655 | 3674} 3692 | 3711 37.9 3747) 3766) 3764) 2 4 ὁ) 7 9 11/13 15 17 Ya pom 8331 112 - 4 : π : με 
3 3945 | 3962 79 (161 co | é 
24 3620 | 3836 | 3856 3874 3892 3909/ 3927| 3945/3962) 2 4 5, 11}12 14 16} 9 | βγ88. 8595, Δι Ὁ 
25 3979 3997) 4014. 4031 | 4048 4065 4082 4099. 4116/4133} 3 5. 7 9 1012 14 15}} β 
| 26 4166| 4183 | 4200| 4216 | 4232 4249) 4265 4281/4298] 2 3 5| 7 8 10/11 13 I5fl}¥y | gces| cong Ske Dab ὦ 
| 27 4330 | 4346 | 4362 | 4378| 4393 4409) 4425 4440 4456/2 3 S| 6 8 9/11 13 147} | gc73| 8579 Sees ΤΟΙ Meee 
28 4487 4502 4518 | 4533 | 4548 | 4564| 4579 4594/4609] 2 3 5. 6 8 9/11 12 14]ll95 5633 θ239 oa a Als διε. 
29 4639 | 4654 | 4669| 4683 | 4698 | 4713| 4728 | 4742/4757} 1 3 4 6 7 9/1012 13 | 
| | 74 | 8692) 8698 112/23 4/45 5 
30 4786 | 4800 | 4814 | 4829 | 4843 | 4857 4871) 4686) 4900) 1 3 4) ὁ 7 9/1011 13 73 | | , 
31 | 4928 | 4942| 4955 | 4969| 4983, 4997 501} 5024 5038/1 3 4 5 7 8|10 11 121 με pei yo pe μόῤοι : - : 233/45 5! 
32 5065, 5079. 5092 $105 | 5119] 513} 5145 5159 5172} 3 4, 5.7 8) 911 12} 7 δες 867), ΒΗ76, gona nay as ats = ae ne 
33 5198 | 5211 | 5224) 5237 5250 5263 5276 5289 5302} 3 4 5 6 8 5 10 121 γ8 892} 65}7 paced ie ἐλ χὰ Jog bates 
iM 5 5340 5366 §39 54 5478/13 4) 5 ὁ 8 91011 . ᾿ | 
| 328 5353 5378 | 5391 | 5403 5416 | | 79 | 8976) 8982 8993 8998 11 212 3 34 4 5 
| 35 $453 | $465 | 5478| 5490 | 5502 5514. 5527/5539/55S1|1 2 4 5 6 7) 9101] ‘| | | 
36 $575 | 5587 5599 5611 5623 5635 5647 5458 5670} 2 4 5 6 7 810} ὅν ΠΣ aa μρὲν ch See Ree 
37 5694 | 5705 | $717 5729 5740 5752 5763 5775 5786) 1 2° 3) 5 6 7 8 9 10] 4) 9128 945 αι φὴ ἑαυ κει Σ ἃ δΙΨ «4 Bed, 
[38 5809 | 5821 583} 5843 5855 5866 5877 5688 5899} 2 3 5 6 7 8 9 10] as 919], ογὸς soecteass| task eet 
| 39 5922 $933] 5944 5955 5966 5977 5988 5999. 6010/1 2 3/ 4 5 7 8 9 101) a4 543 9.8 pia fo aaa αν 
| 40 6031 | 6042 | 6053  6064| 6075 | 6095 | 6096] 6107/ 61171 1 2 3) 4 5 6 7 9 10], ες [ ,γ0,] σου cenelonns eX ots oe 
4! ᾿ 6170] 6180) 6191 6201 6212} 6222) 1 2 3) 4 5 6| 7 B OF ' ; ' 
) εν: 86 | 9345 9350 9260 9365 | 9370| 9375 112/23 3/44 5] 
| 42 6274 6284| 6294| 6304| 6314/6325} 1 2 3 4 5 6| 7 8 9}} 7 ; 
. |) 87 | 9395 | 9400 9410 | 9415 | 9420 | 9425 1 1)2 2 3)3 44 
43 6375 | 6385 6395) 6405 6415 6423}1 2 3, 4 5 6,7 8 9 | : 
| 44 6474 6484 | 6493 | 6503 | 6513/6522|1 2 3) 4 5 6| 7 8 9} hee 745 9450 oOo | 9465 | O46? | 9424 2 2 Spe ΦΣΙΣ 4 4 
[“᾿ | 89 | 9494 | 9499 9509 | 9513 9518 9523 0112 2 33 44 
45 6571 | 6580] 6590 6599 6609 66181 2 3 4 5 6) 7 8 9 leq ος,)) 9:47 sie! dis laksa ΗΒ Teireiree 
46 6665 | 6675 | 6684/ 6693/ 6702/6712} 1 2 3) 4 5 ὁ) 77 8) | : 
91 [9590] 9595 9600, 9605 | 9609/ 9614] 9619 }O1 2/2 23/3 44 
| 47 6758 | 6767 | 6776| 8785 6794. 6803} 1 2 3 4 5 5 | 6 7 8) lee | 9638| 9643 9652 | 9697 | 9663 | 966s 
| 48 6848 | 6857 | 6266 | 6875 | 6684| 6893] 1 2 3, 4 4 5: 6 7 8, ἔφ) | o¢se! 9,69. 9¢94| 9693 9703 9708 O2 1/22 3/3 4 4! 
49 | 6937 | 6946 | 6955 | 6964| 6972 6981/1 2 3| 4 4 5) 6 7 Bilgg 97) ΠῚ vase 01 1,2 2 3/3 4 4 
| | | 1| 9736 9745 | 9750 | 9754 | 9759 011} 2 33 44 
50 6998 | 7007 7016 | 7024 | 7033 7042) 7050 7059 70671 2 3) 3 4 5) 6 7 Blige Ϊγγγ | | 
| 51 7084) 7093 | 7101 | 7110 | 7118| 7126] 7135| 7143 7152] 1 2 3] 3 4 5) 6 7 81 log 01} guar] gene ὙΠῸ] 5795. 3600. 9605 Go 2.352:2.313.4 4 
| 52 7168 | 7177 | 7185 | 7193 | 7202| 7210| 7218| 7226) 7235] 1 2 2) 3 4 5 6 7 7 [27 | cacs! 987) cated faded faded ft 021/22 3/3 44 
| 53 7751 | 7259 | 7267 | 7275} 7284| 7292) 7300) 7308| 7316] 1 2 2| 3 4 5] ὁ 6 71 19g [99}} 9917 Bt pond pry paren sabe Se pees 
54 7 7 7 7 7 7 3 45 7) 
| 84 | 7324] 7332] 7340) 7348) 7356. 7364. 7372 7380 7388 7396} 2 2) 3 |_& 4. 7199 | 9956] 9961 9965 | 9969 9974. 9578. 5983 ΣΉ Σ £8 oe 
[22] 4[δ6[4}᾿τ }]| δ᾽ ot Σ 2,4 κ ὁϊν7 Ct te | — -- 
a [nie Fes | be : 9 418 ὁ 123/45 6/7 89 


ANTI-LOGARITHMS ANTI-LOGARITHMS 


Proportional Parts 


o |; I 2| 3 


5[1|12[34}: [9 [12345 ε] 74 9}} ἃ ΜΘ Ὁ ΚΠ δ.» }} “47 09 
90 | 1000 1001 1005 [007] 1009} 1012 1014 1016 Ι019} 1021) O O 1} "12 2 2))) so | 3162. 3170] 3177| 3184) 3192 3199 3206 3214) 3221 3228] 1 1 213 4 415 6 7] 
01 | 1023| 1026| 1028| [030 1033 1035| 1038| Ι040 1042 1045 0 ὃ 111 12 2 2} εἰ] 3236! 3243 3251 | 3258 3266| 3273 3281 3289 3296/3304] 1 22/3 4 5) 5 67 
| -02 | 0.7} 1050! 1052 054. 1057] 1059| 1062| 1064| 1067, 1069) 0 ὃ 11 1,2 2 2)fs- 33}} 3319| 3327) 3334| 3342 3350 3357 3365 3373/3381) 1 2 3 4 5. 8 67 
| .03 | 1072| 074. 1076] 1079! 1081 1084. 1086| 1089} 109] 094,5 0 111 Ι 2 2 2} 51] 1388 3296 3404 3412 3420 3428 3436 3443 3451/34591 1 2 2 1 4 5] ὁ 67 
| -o4 1102/ 04. 107 1109 1112] Hild) 17 HIS] OF FL tt 2) 2 2 2|} 4] 3467. 3475 3,9) 3491 3499 | 3508 3516) 3524 353) 3540/1 2 2/3 4 5 6 6 7 
| | | | 5 | | 
05 a7 1130. 1132. 1135 1138/1140, 1143/1146] 0 1111 22 2 27] ες 3548, 3556) 3565 3573 3581 3589 3597 3606/3614 362211 2 1.3 4 5] ὁ 77 
06 1153) 1156) 159 116}} 1164) 1167) 1169) 1172) O 1 1 2) 2 2 2)i 56! 363} 3639 3648 3656 3664 3673 3681 3690 3698. 3707 1 2 3 3 4 5/67 8 
OT | 1180) 1183) 1186) 1189 119] ἜΜΕΝ — : hie 5 3 π : ‘$7 | 3715 set 389 | en 3741 3750 3758 [3767 3776} 3784. 3793} | 2 3 3 4 5| 6 7 8 
08 1208 121} 1213. 1216] 1219) 1222] 1225) 1227] | | [Π.58 3802. 3811 3619| 3828 3837 3846 3855 3864. 3873 3882] 1 23/4 4 5) 67 8 
| 09 1236 | [239 1242! 1245 1247) 1250 ἀξ ὧν ΟῚ ἠδ ι.2}2 2 3|} 89] 3890 3899) 3908. 3917 326 3936 3945. 3951} 3963) 3972 Ι 2 34 5 5678 
τῷ | Ι! | | | 
| -40 1265 1268| 1271 | 1274. 1276 1279] 1282} 1285} 0 1 11 t 2,2 2 3] go 3981 | 3990 3999 4009 | 4018 4or7 | 4036) 4046) 4055 406411 23/45 6/77 @ 
HH 1294} 1297 1300] 1303} 1306/ 1309] 1312/1315] 0 1 1 1 2 2) 2 2 3|Πωὼ|| 4074. 4083) 4093) 4102) 411| 4121 4130| 4140. 4150 459} 2 3|4 5 6,789 
12] 1324 1327 1330] 1334 1337 1340| 1343/1346) 0 1 1] 1 2 2,2 2 3} 69] 4169) 4178. 4188 4198. 4207 4217 4227 4736) 4246 4256 123/45 6 | 789 
112] 1355. 1358. 1361] 365 1368 370 | 1374/1377) 0 1 111 2 2) 2 2 9 ΗΠ (1 4266, 4276 4185 4295 | 4305) 4315 4325 4335) 4345, 4355) 2 3.4 5 6) 7 8 9 
“14 | eg καὶ eas bare 1396} 1400 1403 1406/1409) 0 1 111 2 of 3 31h 64 ia 4385 0 | 0s) μὴ 4426 4436 4446 4571 2 3.4 5 6/78 9 
15 1419 1422 1426 1429) 1432) 1435 1439 1442/0 1 11 2 212 3 31 6s] 4467) 4477 4487 4498. 4508) 4519 ΚΞ 4539) 4550 4560} 1 2 εἶν 56 789 
Td 1452 | 1455| 1459 [462] [466 1469) 1472) 1476] 0 1 1) 1 2 2 2 3 3 ih gg) 4571 | 4581 4592 4603 4613 4624. 4634/ 4645 4656, 4467 1 2 3.4 5 6! 7 8 10! 
<7 | 1486 | 1489/ 1493| 1496| 1500/1503] 1507, 1510) 0 1 111 2 2 2 3 31) 67] 4677) 4488 4699 4710) 4721 | 4732. 4742) 4753 476447751 1 2 3.4. 5 7] Β 9 10] 
98] 7} 1521 1524) 1528) 153] 535) 1538) 1542 5450 1 1 Ι 2 1 2 3 8] (8 476) 4797) 4808 4819 483] 4842 4853, 4864 4875 4887] 11 2 314 6 7 | 8 9 10 
19] 556 1560) 563, 1567 570) 1574 [578 Ι158|}0 1 1 1 2.2.3 3 3 μὰ μὰν 4920 4932 4943 4955 4366 4977 4589. 5000] 1 2 35 6 7 8 910] 
| -20 | 1592. 1596. 1600. 1607) 1611) 1614|1618}0 1 111 2 2.3 3 Siz 5012 5023 5035 5047 5058, 5070] 5082; 5093/5105 5117 1 2 4/5 6 7/8901 
| -2 1629) 1633 1637] teat 1644/ 1648] 1652/1656] Ὁ 1 1/2 2 2.3 3 39a) | 5129) 5140 5152 5i64! 5176 5188) §200' 522. 5224. 5236 [24/5 6 7) BIOll 
22| od Nd 1679| 1683) 1687] 1690 1694) 0 1 1) 2 2 2.3 3 317} 5248 5260 5272 5284 5297 5309 532] 5333. 5346 5358 1 2 4 5 6 7| 9 10 11 
.13 | 1706 1710 1714: 1718 1722) 1716 1730 17340 1 112 2 2.3 3 411-73 | 5370 5383 5395 5408 5420 5433 5445 5458 5470 5483) | 3 4/5 6 81 910 11 
Δ4}} 1746 1750 | 1754! 1758] 1762 1766. 1770) 1774) 0 1 1.2 2 2/3 3 4] 74] s495| 5508 5521 5534 5546) S559. 5572 / $585 5598/5610} 1 3 4/5 6 8| 9 10 12! 
25 1782 | 1786 | 1791 | 1795 1799 1803 jig) 0 1 1 22 3/3 3 “Π{Ἐης 5623 5636, 5649. 5662 5675 5689 5701 sil ΜΗΣ δὴ, ι 3 4/5 7 8| 91012 
| -26 1824. 1828 1832 1837 1841 este ore : | 2 2 : 5 ἢ : “76 5754 5768 5781 5794 5808 5821 5834 5848 5861 S875] 1 3 4 5 7 8 91! 12 
Ἰ.21}} 1 1879 | 1884 Β. : ᾿ "77 5888. 5902 | 5916 5929 5943, S957 | 5970) 5984, 5998 6012] 1 3 67 8 ᾿Ι0 ΠΠ|Π 
| 28 1910) 1314 1919| 1923 1928 1932 1945/0 1 1.2.2 3/3 4 4178 6026 6039 6053| 6067 | 608! | 6095! 6109/6124) 4138 6152} 1 3 s16 7 1011 3 
| -29| 1950] 1954) 1959) 1963 | 1968] 1972| 1977 9910} 1122 3) 3 4 Ah 79! Gi66| 6180) 6194) 6209 6223| 6237 6252 6266 6281 6295 1 3 4 6 7 9/1012 13 
0 2000 | 2004 | 2009 | 2014/2018 2023 (2037/0 1 112 2 3) 3 4 4Π|{80] 6310) 6324. 6339! 6353| 6368) 6383 6397) 6412! 6427/6442 1 3 416 7 9/1012 13 
3 2061 | 206 2086410 1 113 2 3 ὃ 4 4118] 6457) 6471 | 6486) 6501 | 6516 | 6531 | 6546 | 6561 6577 6592 2 3 5, 6 8 9/11 12 14 
| .32 2109} | 2123| 2128/2133] 0 1 I 3 3 2} 4 4 |] 02 | 607 | 6622 6637 | 6653 6668 6683 6699 6714| 6730 6745) 2 3 5 6 8 9 1! 12 14 
| -33 2158 2173) 2178/2183} 0 1 | 1 4{8 | 6761 | 6776 6792 6808 | 6823 | 6839 | 6855 | 6871 | 6887 6902) 2 3 5.) 6 8 911 13 14 
[34 2208 | 2223 | 2228/2234) 1 1 2.2 3 34 I" cin tea 6950 | 6966 | 6982 | 6998 7015 | 7031 | 7047 7063/2 3 5. 6 810/11 13 14) 
35 2259 | 2275) 2200|2286| 1 1 2/2 3 3/4 4 5}}.85} 7079. 7096 | 7112| 7129 7:45 716] 7178 7194| 7211/7228] 2 3 5.7 8 10/12 13 IS 
.λ6 2312 2328 2333 2339 1.212 3 3. 4 : Ἵ ‘6 7244. 7261 | 7278 7295 7311 | 7328| 7345 7362 7379 7396) 2 3 517 8 10/12 14 15 
7 2366, 2382 2388 2393} 1 1 2/2 3 3 : 4 § | 87 | 7413| 7430) 7447 | 7464 | 7482 7499 7516 7534 755] 7568) 2 3 5. 7 9 10 [2 14 [6] 

38 | 2421 2438 | 2443/2449] 1 1 2/2 3 3) 5 § | 08 | 7586 7603 7621 | 7638 | 7656 | 7674 | 7691 7709 7727/7745] 2 4 5 7 9 11 [2 14 [6] 
39 | 2477 2495 2500 2506} 1.2.2 3 3 4. 5 Shggl 776} 7780 μὴ μα 7834 | 7852) 7870 7889 7907 7925} 4. 5.7 91] 3 14 16) 
| -40| 2535 | 2553| 2559/2564] 1 1 2/2 3 3 : - ΗΓ 7943 7962 7980 7998 8017 | 8035 8054 8072 8091/8110 4 6 7 9 11 [3 Ι5 17 
| at 2594 2612) 2618/2624) | 1 212 3 4 1 gf 2! | 8128) 8147 8166 a 8204 8222 6241 8260 8279 8299 2 4 6 | 8 10 11 | 13 15 17 
| -42 | 2655 a ph oo ie : 2 : : ck oe 6310 | 837 8356 | 8375 | 8395 | 8414 | 8433 | 8453 8472 8492] 2 4 6 8 10 415 17 
“41 2716 | 1713] ! 93 | 8511 | 8531 | 8551 | 8570, 8590| 8610 8630 8650 8670/ 8690| 2 4 6 | 8 10 12 | 14 16 18 
Ad 3| 1780 2786 2793 2799 2805 2812 1 | 2/3 3 4/4 5 δ΄ 94) 8710 8730 8750 8770 | 8790 8810 | 8831 | 8851 8872} 8892 2 4 6 8 10 12 14 16 18 
| 

45 2844 2864 2871/2877} 1 | 23 3 4 5 5 6 Γ9ς 5913 8933 8954 8971 8995 9016 9036 9057 9078 9099] 2 4 6 | 8 10 124 17 19] 
«46 291} 293! 2938.2944}} 12 3 3 4.5 5 ὁ [τς 9110 9141 9162 9183 9204. 9226) 9247 9268 9290 93}}} 2 4 6/9 11 13 [1517 09) 
| 47) ed bowl Bay ad eed ξεν IES. aw gia bese © | 97 | 9333 9354. 9376 | 9397 | 9419 | 9441 | 9462 9484 9506. 9508) 2 4. 7 [91} 13 115 17 20 
43 | 3048 | 3055 | 3062 | |: 198 | 9550) 9572| 9594. 9616) 9638 | 9661 | 9683 2 4 7 911 13/16 18 20 
49 3119/3126 | 3133] 3141 | 3148) 3155] 1 1.2.3 4 4 5 ὁ 7) 991 977} 9795 9817/ 9840 9863 9886 9908 2 5 7/9 114 {16 18 21 
ais|el7|ej|o|i23ja5 i789 ΔΓ 1|1|2|4|ε| Ὁ aah eae 


* 


NATURAL SINES Proportion NATURAL SINES Proportional 


Parts | Parts 
os = Ῥ ‘ ᾿ ᾿ ᾿ n | ------ = 
12’ 18° | . | ; 47 48° 54’ ι 2’ 34] Ι Lee y 4 
| 0° | 0-0000 0035 0070 | - a 0157 369 12} 15 68 
Ι 0192 209 -0227 | - . 0279 | -0297 | 0314. 3323 6. 9 12115 6/8 
2 | 0384 | -0401 | « 0471 | 0489 -0506 | 3 Ape 12.15 68 
3 0558 05} 628 | -0645 ‘0663 | 0680 369 12 Ι5 6/8 
| 4. 0732 | 0750 τ 0802 | -0819 pho 3 ΗΝ 68 
| | | i Ϊ 
5 9. 0906 0993 | 1011 | -1028) 3 AA 214|6|7) 9 
6 -1063 | -1080 | - 1167 “1184. -1201] 3) 6 | 912 ΜΚ] 2)4/5)7) 9 
m “1236 1253. +1271 | -1288 | +4340 | «1357 | +1374 36 9112 14) 214|5)7})9 
| 8 : 1426 | -1444 "461 <1478 “1495. .1513 "1530 .1547] 3 ὁ ..9 | tl 14] 1213|5]7] 9 
φ .1582 "1599 | -1616 | -1633 | - . a ge 3[6]9 "14 213.,5,7|8 
10 . A771 | «1788 | - : : pe βὰν ΩΣ ats ἢ} ᾿:᾿: 2)3/5/7] 8) 
" “1925 | .1942 | -1959 | -1977 | -1994 | 01! | -2028 | -204s | 2062 | 3 | 6 9 | 11/141) 1:3 ,5|6}8 
12 2096 “2113 -2130 | .247 .2164]- 2198. -2215 | 2232 3) 6/9/11) 14 sol Fred (lp 
13 2267 | -2284 | -2300 | -2317 | - 2368 | -2385 | 2402/3) 6 8 1! 149/°8 213|5|6]8 
ΙμΜ 2436 | -2453 | 2470 | “2487 -2504| .252] .2538 -2554| 257,3 6 84||4}||5 1} 3) 4/6) 7) 
1 | | 
| 1s 2622 | - “2706 ΤᾺ ὙΠ] 3 "Ἢ in) 144) 1) 3)4)6) 7 
16 2773 | +2790 2874 | “2890 -2907) 3/6 [8}1}} 1) 3)4)6) 7 
ΠῚ : 2957 | -3040 | -3057 | -3074) 3/6) 8) ttl 14 1) 3) 4)5) 7] 
is . 3123 | - -3206 | -3223 | 3239/3) 6/28 14] !1311|5] ὁ 
19 ‘3272 | -3289 " -3371 | -3397| -2404/3/)5/) 8/11/14 "12|1|5] 6 
0 .3437 .3453 - -3535 | -3551 3567] 3} 5 8 4] 1}2)4)5) 6 
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ANSWERS 
p. 39 Exercise | 
1, ἢ ai, (3) Pas (δ) 37 = 128. (6) 37 = 2187. 
2) δ᾽. 4) wr". 
2. (1) at. (2) εὖ, (3) x28, (4) 2° = 64, 
8. (1) «*. (2) a. (3) : (4) «, 
Be Bienen Bath 
a) 7", = = ἢ 
3) 1619, ; } 214 , cal 
p. 42 : Exercise 2 
i V5, 2, 3 >» 1, 5. 8 3a, VE, τὴν = 0-001. 
1) δ’ 658. 3) κα; 928 ἐξ 
8 91. " ἣν Brera, |e 
3. (1) 4. (3) 1000. (5) 18. (6) 31°62, 
sie ieee aa coe τ ἢ 
᾿ () . . (2) δ. (8) ( ) . (δ) 8 (6) ὠς. 
6. (1) ὑ.αὉ, (2) τοῦν 0. 
᾿Ῥ. 47 Exercise 3 
1. 1, 3, 4, 2, 0, 6, 1, 3, 
2. (1) 0°6990, 1°6990, 2-6990, 4-6990 
2) 0°6721, 2-6721, 48 
3) 1-7226, 0°7226, 2-7226 
4) 2-9767, 0°9767, 4-9767 
5) 0°7588, 1-9842, 3°8 
3. (1) 446°7, 44670, 44-67. (3) 4.114, 471-4, 471,400 


(2) 87°70, 8770, 8-770. (4) 2628, 5-229, 114-0, 


p. 49 Exercise 4 

1, 3446. 9. 14 17, 1.868, 
2, 27674, 10. 13° 18. 1436. 
3. 1397. 11, 851°3. 19. 1939, 
4, 5977. 12. 2650. 20. 1°695, 
δ. 83.396, 13. 3.137. 21. 2-321, 
6. 6998 14. 7288. 22, 2780, 
7. 1.689, 15. 2.172. 23. δ 02, 
Β, 2228, 16. 104-6. 24, 1°546, 
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p. 5! Exercise 5 
1. Η 0°4470, 1:4470, 3-4470. fa 35-9904, 72-9004, 1-9904. 
4 ἢ 33 — [-6298, 3- ae 4) 3-8097, 18007, 4-8097. 
2) i 5140. x Sonn 9b 3: Θ0 23. 
3. (1) 0°2159. 3) omere mS 940. 
2) 0°007453. 4) 0°0004402, 6) 2° 482 x 10-*, 
p. 53 Exercise 6 
1, (1) 46037. (2) 37126. 
2. (1) 35-5926. 3) 1-6597. 
0°8263 4) 2-4814, 
8, (1) 1-7464, 3) 35-8910. (5) 1-1958. 
2) 24-8368, 4) 1-3673. (6) 4-7913 
4. (1) 3-6856. 3) 1-7754 5) 53-0254 
2) 1-07155. 4) 1-1463. 6) 05619. 
5. (1) 1-7399., 3) 53-7726. 5) 1-7266. 
2) 1°7127 4) 53-5598. 6) 3-8973. 
6. 15°42, 0'1600. Ὁ. 1°457. 
7. 0°3285 ἦς 85°23. 21. 3-658. 
8. 0°01529 15. 0°8414 22. 5-471 
9. 5699 16, 01226 23. 01014 
10. 06116 17. 1-197. 24, 0°1429 
11. 0°03239 18, 0°07115 25. 9-3 
12. 0 10. 1°826 
p. 62 Exercise 7 


Tt sige ee fen Eee 
tan CAB = 70 “ CD _ 92 _ 9p = AD’ 
2. tan ABC = ἢ, tan CAB = }., 
3. (1) 0°3249, 8) 1:4826. (5) 02549. 
{3} 0-9325. 4) 32709. (6) 0°6950, 
4. (1) 0°1635, 3) 0°8122, (5) 2*1123. 
(2) 0°6188, 4) 13009. 
6. (1) 28° 36". a 70° 30’. δὴ 33° 61’. 
2) 61° 18’. 4) 62° 26’. 6) 14° 16’. 
Site ket a 
. al - ft. a x, . 37°; 63° approx. 
12, 144 ft, ie 
p. 69 Exercise 8 


cane "25 μὰ μὲ “oe ae 
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δ Cosine is 01109, sine is 0-9939. 
4. 


p. 96 Exercise [2 
peoath is 5-14 ins. approx., distance from centre 3-06 ins, 1. sines are a) 0-9781. c) 0°9428. (e) 0°4289, 
Sry . 5698. 
Sines 0°6 and 0°8, cosines 0°8 and 0°6. ὃ pent "ὧν —0-9033, 
5. (1 0°2521, 2) 0-7400, cosines are omar 3 eatin (e) —0°9033 
G. (1) 29° 48 2) 30° 46 tangents are —4°7046. c) —2°8291. (ce) —0°4748, 
2) 0°7149. 4) 0°7789. 2. * — [δὴ 20° 18” or 159° 42’, 
8. (1) 67° 47’, 3) 69° 14’, ‘ Ν 469 25° or 134° 35’, 
2) 20° 39’, 4) 77° 27° on ΕἾ 100° 18’. 142° 21’. 
EY ae ics ao alse τωῖϑόν Eee Oe t 159° 18 156° 15’, 
10. 7°34 ins.; 37° 48’; 52° 19’, 12. 47°36’; 43-8 approx, ie Ὁ (c) 112° 18’. ΕἾ 144° 28’. 
; | “ἐδ 119° 386’, 130° 23’, 
ΡΗ͂Σ Exo 9 | oa ὃ ὃ .-1 0486. c) —3-3122. 
1. (1) 1-7263. 3) 13589. 5) 12048. 8. ta d) 24° or 166°, 
2) 11576. 4) 1°6649. 6) 0°3528, ΓΒ) 118°. δ) 149°, 
2. (1) 60° 37’. 2) 64° 46’. 3) 69° 18’, ¢) 35° 18 or 144° 42’, 110° δά’, 
4. 29° 37° 67° 23 OG) 1:86 2 iy -ἱ 
. 325 837" ν ) 1°56 approx. * : 4°. 
δ. 2°87 ins. 11, 05602, ὦ haa 13°. 
6. 719 ft. a 12, (1) 0°2616. : 
Ti Ὑ 9429. 13 Ἢ Pree 
8. (a) 0-2204, 14. 1-2234, | p. 103 Exercise 13 
ὲ δ) Pil 16. 6-00061. | 1. 0°6630; Ἄν 
Ξ ᾿ " * "ὦ, ᾿ ἢ 5 ἐξ οὖ, 1 i ᾿ e “ΝΜ 
τ 1-691. 2 | 2. Each is We {note that sin θ = 5 9)}. 
p. 83 Exercise 10 | 4. 0°8545. 6. 2+ 
1. 35° Ἢ Seer 28 + 2. 44°12’. | δ. sf) 0 τος, ῷ, ρου 0°6407. 
. a= “i, 
δ. AD = 2-66 ft., BD = 1°87 ft., DC = 281 ft, ACG = 3°87 ft, ( 
7. ὅθ. 31. 60% ἀδιρούίον, 3 2%: | p. 105 Exercise 14 
8. 10°3 miles N., 14-7 miles E, | 1. 0°96, 0°28, 3-428. 6. 0°5. 
aV3_ V3 | 2. 0°4838, ooree, 0°5528, 8. 0°5; 0°8660. 
9. 0 68 cm. 10, > “3 }- 4. 09917, — 01 1288. 9. 0600] approx. 
11, 2-60"; 2-34” (both approx.). ] δ. (1) 09611, (2) 08000Ἠ. 15. 0.368 approx. 
12. 3° 36’. 13. 10°2 τὰ W., 117 m. Ν. 
14, 31° 50’ W. of N.; 17-1 miles, p. 108 Exercise 15 
. 86 Exercise || i μ sin 26). 9. 2 sin 3A cos A. 
᾿ 0°7002 3. 0°8897 % im ao aie τ ᾿ 10. 2 cos 3A sin 2A, 
2. 4; ἢ. 4. 1.9543. 3. ἐἀίοοβ 80° + cos 20°). 11, 2 sin 38 sin (—@). 
δ. betas 0°8290, 0°5592. 6. 1:1547 ο΄ ἃ, (βίη 80 — sin 26). 12, 2 sin 844 sin τὲ 
7. 1919]; 0°5230; 0°8523, kai 5. ¢{cos 3(C + D) + cos(C —D)}. 13. 2cos 41° cos 
. : 4 1 ἢ 6. $(1 — sin 30°) = 2. 14, ὁ cos 96° sa 19% 
= ᾿ = = = 7 » : , ! = . 15. cot * 
8. 8:8 = VI + ἢ: cos @ vViza sind Vict 7. cos2A — cos 44 


9. sina = 08829; tan a = 1-8807, 8. $(sin 6C — sin 10D). 16. tan 2 +P, 
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p. 110 Exercise 16 
l. ὃ = 15:8; ¢ = 14-7, 4. δ = 7°88; ὃ = 5-59, 
2. ἃ = 20-3; δ = 30-4. δ. δ == 17-3; a = 23-], 
3. ἃ = 7-18: ὁ = 6-50. 


p. 112 Exercise 17 
1, A = 28° 57’, B = 46° 34’, C = 104° 29’, 
2. A = 40° 7’, B = 57° 54’, C = 81° 59’. 
3. A = 62°11’, B = 44° 26’, C = 73° 23’, 
4. A = 28° 54’. B = 32°, C = 119° 6’, 
δ. 106° 13’. 6, 43° 61", 


p. 117 Exercise 18 
1. 114° 24’, 2. 29° 62’. 
4. A = 22°18’, B = 31° 28’, Ὁ = 126° 14’. 
5. 65°; 52°20’; 62° 40’ (all approx.). 
6. 38° 62. 


p. 120 Exercise [9 
1. A = 25° 30’; C = 46° 30’. 
2. A = 64°19’; B = 78°17’, 
3. B = 99° 46’: C = 16° 34’, 
4. 83° 25’; 36° 35’, 6. 65° δ’; 42° 41". 
56. 87° 2’; 63° 44’, 
p. 124 Exercise 20 


1, A = 29° 24’; 2 - 41° 44’; C = 108° 52’, 
2. A = 61°19’; B = 59° 10’; C = 69° 3)’. 
3. A = 43°31’; B = 35° 11’; C = 100° 18’. 
4, A = 21°46’; B = 45° 27’: C = 112° 47’. 
56. A = 35° 23’; B = 45° 40’: C = 98° 57’. 


p. 125 Exercise 21 


l. a = 166-5; B = 81° 24’; C = 38°, 

2. ¢ = 172; A = 32° 42’; B = 66° 20’, 
3. ὃ = 65- 25; A = 33° 26’; C = 81° 26’, 
4. δ = 286-4; A = 65° 18’; B = 36° 42’, 
5. ὃ == 136-6; A = 68° 38’; C = 90° 55’, 


p.127 Exercise 22 
1. ὃ = 145-2, αὶ = 60-2, B = 815 28’, 
2. ἃ πα 312, ὁ = 213, C = 42° 41’. 

3. ὃ = 151-4, ὃ = 215, B = 42° 3’. 
4. a = 162-7, ὃ = 83-4, A = 97° 4)’, 
δ. α = 8-27, c = 16-59, C = 110° 54’. 


3. 45° 27’, 


τω τς 


p. 129 
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Exercise 23 


1. Two solutions: ἃ = 4-96 or 58; 


A = 126° 4’ or 3° 56’. 
C = 28° 56° or 151° 4’, 


2. Two solutions: a = 21-44 or 109-2. 
A = 11° 19’ or 88° 41’, 
C = 128° 41’ or 51° 19’. ἜΣ) 
8. One solution: 6 = 87-08, A — 61°18’, Β = 52° 42’, 
4. Two solutions: 6 = 143 or 15-34. 
A = 35° or 145°. 
B = 115° 33’ or 5° 83’. 
p. 131 Exercise 24 
1. 19-05 sq. ins. 7. 361-3 sq. chains. 
2. 72-36 sq. ins. 8. 24-17 sq. m. 
3. 39° 25’. 9. 31-44 Ibs. 
4, 2537 sq. cms, 10. 239-6 sq. cms, 
δ, 485 sq. cms, 11. 10 cms. 
6. 64-8 sq. ins. 
p. 132 Exercise 25 
l. 59-4 
2.4 pa A 4’, ft = 39° 56’, C = 52°, 
3. B = 45° 12’, C = 59° 34’, a = 726. 
4. C = 56° 6’. 
5. 16-35 ins., 13-62 ins. 
6. 41°. 
7. Two triangles: B = 113° 10’ or 66° 50’. 
eet ea 16° 80" ο 63° 10’ 
c= or 
8. 267 ft. approx. 12. 4-5 ing., 6ins.; 11 sq. ins, 
9. 6-08 ins., 5-71 ins. 13. 44 hrs. 
10. 3-09 ins. 15. 0-52 sq. in Ss. 
11, 3-99 ins., P = 26° 20°, 16. 49° 28": 58° 45’. 
ἃ = 29° 56’. 
p. 145 Exercise 26 
1, 152 ft. 10. 2170 yds. 
2. 1638 ft. 11. 600 ft. approx, | 
3. 276 ft. 12. 3°64 m.; 45° W. of N.; 5-15 m. 
4. 193 ft. approx. 13. 219 ft.; 153 ft. 
5, 889 yds. approx. 14. 1246 yds. approx. 
6. 126 yds approx. 15. 189 ft. approx. 
7. 3700 ft. 16, 63-7 ft. approx. 
8. 1199 yds. 17. 1598 yds. ; 8018 yds. 
9. 2-88 m. approx. 
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p. 152 Exercise 27 

1, 60°, 15°, 270°, 120°, 135°. 

2, (a) 0°5878. c) 0°3090, (e) 0-9659, 
( 0-9239, 0°3827 

3. (a) 4°75. 2°545. 

4, (a) 13° 24’, % 3 89° 23’, 

δ, (a) ἦς, ῳ) Ἐξ. (ἡ 36" (Ory. 

8, (1) 6-842 ins. (2) 11: ft. 

7. ἢ radians; 35°, 

8. 1-67 a x. 

6g *.5. = 
4" 3’ 12 

p. 165 Exercise 28 


1. τ -“,,Ο744; -- 0°2250; 4.3316δ. 

δ) — Ο301θ8; — 0°9322; 0΄8882, 
c) — 0°7030; 0.111» — 0-9884. 
ἢ — ΠῚ: 0°0570; — 0°3032. 
a 


2, — ΟἹ] c) — 0°6691. 
b) 0°7431. 4 — 02419 
8. (a) — 10576, c) — 12349 
δὴ 2. — 1°7434. 
4. (a) — 0.8381. c) 1-2799, 
) 07431. d) 0°6878. 
p. 173 Exercise 29 
1. (1) 63°, 117°. (3) 19° 18’, 199° 18”, 
(2) 65° 18", 204° 42”, Ἢ 65° 6’, 294" 54’, 
2. (1) 20° 42’, 159° 18". 2) 18° 26’, 71° 34’. 
3. (1) 0°, 180° + 32’, 279° 35’.. 


4 ‘ 
4. (1) 26° 34’, 45°, 206° 34’, 225°, 
(2) 60°, 270°, 300°. 
3 60°, 300°. 
4) 0°, 120°, 180°, 240°. 
δ. (1) 2nw + cos-! 70° 48’. 

(2) nw + ( — 1)" 5ἰπ- 19° 42’, 
(3) nw or na + (— 1) 


(4) ηπ + fp OF Hm + 
6. (1) 13° 2’. 3) 6° 29’. 
(2) 53° 8’. 4) 36° δῶ", 
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